
����� ���	�
��������	����������������������	���� ��! "��$#��&%'��! � ������)(	�	�
* �,+-��	�	(	������ "�(/.10-�#��,2 3	���4"657�8�,��9� ��� %����:"��8��

; ����,2 ��

<>=@?:ACBEDGFIH�J�KL=NM

OQPSRUTQVXWYV8TQZ[OSPQ\
]/^:^ KS_8`�FaMcb:H�= ^�d�e b�f$ACMcg

hQikjl6m ZnZpoY\qTSVX\

h \qTSV8rCV8RnZposTQZ
ostvuw\ j ZpoxZ i Z[rCykR{z�oY|}RUPS~qoYPSWsPSTSoYV i \k� l V8\kV8ZUoY|I�k��~qZpV8oYW i \kT���oYPQoY\qrCPSRnt h ZpoY|I�

�kVXR l VXPSRnT��w� i T ikj Zn���{\kosOQVXR j osZp��Z[� i l6m ZUZUoY\kTQVX\
�a���E�





���������	��
��������������������


�������! #"%$!&!')(*& +

,.- &�/0( -01 $!&2' 3

+ 4 -65�5 (*&�798;:< #�	=*>?798@= 5 (*/6/6( A
BDCEB F VHGa\qosZposPS\ VXos\kV jJI oY�k�kV8\L� z h RU|�P O ��z�PL�qVXWYW j CKCLCKCKCLCKCLCMCKCLCKCKCLCKCLC N
BDCPO Q PSRSR��QRnZ j � �9WYTQPSRUoxZ9Tkt iqj CKCLCKCLCKCKCLCMCKCLCKCLCKCKCLCKCLCMCKCLCKCKCLCKCLCUBWV
BDCYX Q osZUVXRn~kox� �9WYTQPSRUoxZ9Tkt iqj CLCKCKCLCKCLCKCKCLCMCKCLCKCLCKCKCLCKCLCMCKCLCKCKCLCKCLCUB[Z

\ ]  #=_^`/a794 -65�5 (*&�798;:< #�	=*>?798@= 5 (*/6/6( \ 3
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ObCEB �9R i TqosZpV8| Z i R�VXos\kV jJc RUPdGaWx� I z	z j CKCLCMCKCLCKCLCKCKCLCKCLCMCKCLCKCKCLCKCLCeODN
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i \k� I � Q � h V � i VX\k�8VX\ C F hQj�I u � Q osR ikj R�oYRn� i \ ZpV8RnZUVXoYWxZ'os\ �kosV�~ VXos�kVX\ h Z��Qt,t,V I u Q � B
i \k� I u Q � O*C�Q oYRnVX\ �kV j h Z h t,t jMI u Q � B W h�jUj V8\ j o i T oY\ �kRUV8o y<T �LWsPSTSV8\kV8ZUo j i TqV l R i ywy�V8\
z � -�� 3 	 � � - ����� � � � � � 	1� �.-�� � 	1� ��� � i \k��� � 	 � ��+?� � � � VXoY\ ZUVXoYWsVX\ C z o j Z �koYV�rCyqR6�koYV
R VXWxZ R�V8osZUV{� ikj ~qRUVXoxZ i \qT OQPS\ I u Q OSVXR h \ Z R�PQRnZpWso i TkV l R i y<y V i \k�,| h \k\�oY\��XVHTk\ h i ~qZ	�*y�V8\
�G� I � x �  i \ ZpV8RnZUVXoYWxZ`R VXRU�qVX\ � �kosV j o i T�R�oYVX�qVXR i t oY\ t,V TqRUVXRnV h i ~L� h i ~qZ	�*y VX\ i \ ZpV8RnZpV8ox�
WsVX\/W h�jUj V8\ B B[n C C<Q osRUV8\��qV j h Z h t,t j I u Q � O i \k���kVXR l R i y<y VX\ � i \k���@R i Rn�kVX\�~ko j TkVXR
T hQi yqZ j � i TkWso i T�oY\ V8oY\kosTSVX\ h rCRnoY| h \ko j i TkV8\ � ��\k�kVXRn\�V8\ Zp�kV i |}ZX� i \k� hQi i T��kPSRnZ�\ i R�os\ j V TqR
R VX\qoYTSV8\ 	 �QWsWYVX\ B B[� C C I � Q � h V�� i V8\k�XV8\GW hQjUj VX\ j o i T oY\ j V i T j l V8\kPQZ	�*y�V8\ VXos\ ZpVXosWYV8\ � �koYV
j o i T�VX~ VX\qr h WYW j oY\/VXos\kV Q oYV8WY� h TkW�OQPS\ h i ~qZ	�*y VX\ i \ ZUVXRnZUVXosWYVX\/W hQjUj VX\ C
	$ykR�~ VXos�kV Q oYRUV8\�R i RU�qV&~�V8RUV8osZ j VXos\kV Q osVXWs� h TkWIRnVX|QPQt ~koY\ h \ ZpVXR h V�� i V8\k�XV8\�V8\}ZU�kV i | ZX�a�koYV
j o i T hQikj �kV8\'TSV8\ h \k\ ZpV8\ h i ~qZ	�*y�V8\'� iqjph t,t V8\ j V Zp�8VX\ C �{V8|QPSt�~koY\ h \}ZUV Q oYRnVX\�t,osZ��kV8R j VXWx�
~ VX\ h ZUR i | Z i RX� � C T C ~ V j ZpVHTkVX\k� hQikj �kV8\ j V8WY~ VX\ h i ~LZ	�by VX\ t oxZ���R i i T j ZpVXWsWYV8\ h \ �dTk\kWYo i TkVX\
c P j oxZposPS\kVX\E� �qoYV{oY\,t VHTkRUV8RUVX\E�L\ko i T Z�OSV8RSR h \k�qZUVX\ uw\k�qosO oY� i VX\>TSV r i \k�kV8\ R i Rn�kVX\ �*R�V8RU�kV8\
rCyqR I u Q � 6
	 j�i \k� rCykR I � Q 6
	 j ��� ��� ��� � + �������%$ � ����� 	 � : ��� ���A� 8 	 � � � � TSV8\ h \k\ Z C ��o j TkVXR
~ VX| h \q\}ZUV ��	 j OSPS\ I � Q T h ~ VX\ V8oY\kV j VHTkR VXos\qr h i TkV h ZpR i | Z i R C{h osV j V8Zp�8VX\ j o i T � VHR VXosW j \ i R
h�ikj � R�V8o h i ~LZ	�by VX\ � ikjph t,t,VX\ i \k�4VX\ Z9T h WsZUVX\	os\ j TSV jph t Z9\ i R�VXoY\qV ��R i i T j ZUVXWsWYV C � ��	 j
OQPS\ I u Q | m \q\kVX\�� h TSV8TSVX\�t oxZ R VXoxZpVXRnVX\ h i ~qZ	�*y VX\ RnVX|�PSt ~kos\koYV8RnZ R VXRn�kVX\ �)R PL� i R i T j oYV
V8oY\kV j V TkR�O oYV8W |QPStykWsV �LVXRnV h ZpR i |}Z i R h W j ��	 j T h ~ VX\�| m \k\qVX\ Cx V.R VXoxZpVXR��kosV � ikj ~kRUV8osZ i \kT �qVXR[OSV8R j i TqoYVX�qVX\kV8\ h i ~qZ	�*y VX\�OQPS\ I u Q i \k� I � Q R�V8WsZ R VXosZ
rCPQRnZ j i TkRUV8osZUV8Z��Q�kV j ZpP t VHTkR ����� �
	 j t,osZ:oYt,t V8R:|QPQtzykWsV �LVXRnVX\ h ZpR i | Z i RnVX\,VX\ Z j ZpVHTkVX\ � i \q�
�qV j ZUP j i T{R�oYVXRnoYTSV8R R�oYRU�/V j �I�koYV j V h V � i VX\k�8VX\	� i |}W h�jUj o Ga�XosVXRnVX\ C
� o j TqVXR VX\ Z R�o i |�VXWxZpV c RnPSTSR h t t,V � i R$uw�qVX\ Zpo Ga�XosVXR i \kT�RnVX|�PSt ~kos\ h \ ZpV8R I u Q � h V�� i V8\k�XV8\ ~ h �
j oYV8RUVX\ hQi r VXoY\qVXt y hSh RSR VXo j V8\ Q V8RUTSWsVXo i T VXos\kVXR>��\qrCR h TSV j V�� i VX\q� � i VXoY\qVXR/z�V8\kTSV4OSPQ\
��V8rCV8RUV8\k� j V�� i VX\q�XVX\ �kVXR6~ VX| h \k\ ZUVX\ h i ~qZ	�*y VX\ C2l oY\qV j �kV8R h t Tk� i GaT j ZpV8\ OQVXR R�V8\k�kV8ZUVX\
" VXRn|}�XV i TSV � i R �{V8|QPSt�~koY\ h ZpoYPQ\ jph \ h W � j V�o j Z � hQj c RUPQTSR h t,t � c:h |QV8Z � � ���&+ 	1� C�l j ~�V8oY\L�
T h WsZUV8Z �HR VXoIOSVXR j i TkosVX�kV8\kV z�V8ZfTkP �kVX\ � �kosV � V R�V8oYW j �kosVjy hQh RSR VXo j V�5jTk\kWso i Tk|�VXosZ �kV8R��9\LrCR h �
TQV j V � i VX\k�{� i � VX�qVXR ��V8rCVXRnVX\k� j V � i VX\k��t oxZUZpV8W j VXoY\qV j � +?�������%$�� ���&�%	� �{h�i r �kVXt t i WsZUo ykWsVX\
��WYosTS\kt,VX\ Z h WsWYVXR9~�V ZpR h i T}ZUV8ZUVX\ h V�� i VX\q�XVX\ ~ V j Zpost t,VX\ C?l oY\kV z�V Z9TkP �kV,o j Z �qVXR j PST C � � �
� ��+ ���#�������&+ 	1� B B[O1C �dR�PSR hQikj7j o i T h�i i T��kVXR � h t V�� � ���&+ 	1� h ~kWsVXosZUV8Z��Quw\k\kV8RfT h WY~��kV j?� V R�V8oYW j
~ V8ZUR h i T ZUV8ZpV8\ 	aVX\ j ZpV8R j R�osRU�)�koYV ykRUPS�8VX\ Z ikh WYV uw�kV8\ ZposZp��Z��kV8R �9\qrCR h TSV j V�� i V8\k��� i�� V8�kVXR
�qVXR ��V8rCVXRnVX\k� j V � i VX\k�8VX\�~ VXRnV i Tk\kV Z i \k� �kV8R t oxZUZpWsVXRnVX\ c P j oxZposPS\ �kV8R �9\qrCR h TSV j V�� i V8\k�
os\4�koYV j V8t 	aVX\ j ZpV8R6� i TSV8PSRU�q\kV8Z C2F oYV j P/~�V8RUV i Tq\kV8ZUVX\ " VXR ZpV R VXRn�kVX\�oYt � � � ��+ ���#�����=�&+ 	1�
TQR h y<Tqo j i T � h RnTSV j ZpVXWsWsZ C%F oYV �{V rCVXRnVX\k� j V�� i V8\k�Q�q�kVXR7rCykR VXoY\qV�~ V j ZpoYt,t�ZUV c P j osZposPS\,�kVXR �9\L�
rCR h TSV j V�� i V8\k�4�kosV T m i T j ZpV4uw�kV8\}ZUosZp��Z'� i TSV8PSRU�k\qV8Z�R�osRU� � TSoY~LZ'�kV8\ h i ~qZ	�*y h \E� �kV8R rCykR
�qoYV j V c P j oxZposPS\,OQPSRfTqVXRUTQV jph TQZ R�osRU� C*F osV�� R�V8osZpV{oY\ �koYV j V8t c RnPSTSR h t t � c$h |QV Z7OSVXR R�V8\k�kV ZpV
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z�V8ZfTkP �kV9o j Z : 	 	1� � �����A�A���%$ B Og� C C I oYV8R R�oYRU�,rCykR �koYV � VHR VXosW j ~�V ZpR h i T ZpV8ZUVX\ ��~ j i Tk\qosZUZUV9�kV8Rh V�� i V8\k�XV8\ VXos\ y<T � WYPQTSVX\kV Zpo j i TkV8R�� h�i t VXRn�XV i TQZ C c P j osZUoYPS\qVX\ � h \��kV8\kVX\ j o i T � hQj Q VXR��
�HR VXosT i \kT j t ikj ZpVXR{�kV j � hQi t,V j �Q\k�kV8RnZX�at h Rn|}oYVXRnVX\ ��VX|QPQt ~koY\ h ZposPS\ j �w��R i i T j ZUVXWYWsVX\ C
uw\ �kosV j VXR �9RU~ VXoxZ TSVX~ VX\ R�oYR � i \k� i T j Z�VXos\kVX\ m ~ VXRU~qWYo i |4yq~�V8R �kosV�� i R l \}Z R�o i |}W i \kT�VXo �
\kV j`� y I z	z j OQVXR R�V8\k�kV8ZUVX\ z�V Z9TkP �kVX\ C uw\  h ykosZUVXW B R�V8RU�kV8\ I os�k�kV8\L� z h RU|QPcO � z�PL�kV8WYWsV
�kVHGk\koYV8RnZ i \k� rCykR�V8oY\kosTSV��kVXR�~�V8| h \k\ ZpVX\ I z	z/� �9WYTQPSRUoxZ9Tkt,VX\�VXos\kV Q V8R h WsWYTSV8t V8oY\kV8R i \kT
TSVXTQVX~ VX\ i \q� ~�V R�oYV j VX\ C F osV j o j Z \kPQZ R VX\k�qoYTk� i t �koYV j V ��WYTSPQRUosZfTkt,VX\ hQi r6V8oY\ c RnPgGaWx�
I z	z h \%R VX\q�kVX\4� i | m \q\kVX\ C uw\	�kVX\  h ykosZUVXWY\ O i \k� X j ZpVXWsWYV8\ R�oYR c RUPgGkWx� I z	z j�i \k�x i tykoY\kT/��WYoYTQ\kt V8\ Z j OQPSRX� i \q��OQVXRUTQWYVXo i TkVX\ �koYV � V R�V8oYWsoYTSV8\ Q PQRnZpV8oYWsV ~�V8oY�kV8R z�V8ZfTkP �kVX\
h t l \k�kV6OQPS\  h yqosZpV8W XwC
uw\  h ykoxZpV8W V �qVHGa\kosVXRnVX\ R�osR[� h \k\�VXos\ � y I z	z �_R PS~�V8o�R�oYR[�kosV V8oY\kV8t � y I z	z � i TSR i \L�
�kVXWsoYV8TSVX\k�qV&uw�kVXV9�kVXR Q V8RU|}\}y<yqr i \qT,V8oY\kV j c RUPgGkWx� I z	z j t,osZ VXos\kVXt x i tykoY\qT��9WsoYTS\qt V8\}Z
\kP i Tkt h WkTSVX\ hQi V8RUWY� i ZpV8RU\ C � ikjnj VXRn�kVXt j ZpVXWsWYV8\ R�osR�oY\ �kosV j VXt  h ykoxZpV8Wk�kVX\ : ������� � ���������L�
�9WsTSPSRUoxZ9Tkt ikj B B[X � B#N C OSPSR8� �kVX\R�oYR�� i R Q V8RURnoY\kTSV8R i \qT �qVXR � h�i rC�XV8osZ i \k�,�kV j h y VXo i TkVXRn~�V �
� h R r j �kV j rCykR VXos\ � y I z	z�oYtykWsVXt,VX\ ZposVXRnZUVX\ c RUPSTQR h t,t V j \ i Zp�XV8\ C<F oYV9uwtykWsVXt,VX\ Z h ZUoYPS\
�koYV j V j`� y I z	z/� c RUPSTSR h t,t V j R�oYRU�/os\� h yqosZpV8W � ~�V j i TkRnoYV8~�V8\ C
uw\" h ykosZUVXW � OSV8RUTSWsVXo i TkVX\�R�osR rCykR�t VHTkRUV8RUV F h ZpV8\ j ��ZU�XV&OQPS\ I u Q � i \k� I � Q � h V�� i VX\q�XVX\
�koYV OSPSt � y I z	z OSPQRfTkV8RUTSV jph TQZUVX\ �{V8|QPSt ~qoY\ h ZUoYPS\qVX\ i \q� ��R i i T j ZpVXWsWYV8\Gt,osZ��kVX\)V8\}Z �
j ykRnV i TkV8\k�kV8\ l RUTSV8~k\ko jnj V8\�OQPS\ h oYtykWYP�Z C uwt �9\ j i TkW ikjUj � h R h \ TSVX~ VX\�R�osR6oY\  h ykoxZpVXW N
VXos\kVX\/| i RU�8VX\�� ikj ~kWYo i | h�i r
�koYV Q V8RSR VX\k� i \kT V8oY\kV j�� y I z z j � i R c RnPQZpV8oY\k|}W h�jUj o Ga| h ZposPS\ C
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l oY\ � ����� ��� �.-����)/�	10 �.- 	�� ��+�+ � � -�- � B BWZ1C o j Z�VXoY\ yqRUPS~ h ~koYWso j ZUo j i TkV j z�P �kVXWsW C ��t �koYV �
j V j TQVX\ hQi �kV Ga\kosVXRUV8\)� i | m \q\kVX\ ��TQVX~ VX\ R�oYR os\ �koYV j V8t  h ykoxZpVXW � i \k� i T j Z VXos\kV>| i Rn�XVl oY\qrCy<TqR i \kT os\ -����)/�	10 ��
������ ��� C uwt ��\ j i TkW ikjUj h \4�kosV F V Ga\kosZUoYPS\4V8oY\kV jMI z	z j j ZpV8WYWYV8\
R�oYR � h \k\ �HR VXo9�kVXR>~ VX| h \q\}ZUV j ZpVX\ I z z/�w��WYTSPSRnosZfTkt V8\ OQPSRX� �kVX\ �&	 ������#� � � i \q� �qVX\
� ���	� � : � ��>�+ $%	 �#��� � � ��� C<F h R�osR �koYV j V6��WYTSPSRnosZfTkt V8\'V8~�V8\qr h WYW j rCykR V8oY\ ' �)	*,+ � � - - �  h y CO � \ i ZU�XV8\ R PSWsWYVX\E�~R VXRn�kVX\ R�oYR$~�V8RUVXoxZ j oY\ �kV8R F V Ga\kosZUoYPS\�VXoY\qV j I z	z j �kV8\ 	 h WYW}VXos\kV j � i �
j Z h \k� j R hQi t,V j t,osZ � � � ��� ����� ��� �����&� ���	~�V8RUy i | j o i T ZposTSVX\ � i \k��� h R hQi r hQi rC~ hQi VX\k��VXos\kVQ VXR h WYWsTSVXt,VXos\kVXR i \kT �kV8R�oY\/�kVXR h | Z i VXWsWYVX\ � osZUVXR h Z i R�TSVXTSV8~�V8\kVX\��9WsTSPSRUoxZ9Tkt,VX\'~�V R�V8o j V8\ C

h VXo oY\ �koYV j VXt i \k� h WYWYV8\ R VXoxZpVXRnVX\  h ykoxZpV8WY\ Σ := {σ1, . . . , σn}
VXoY\qV'VX\q�kWYo i TkV z�V8\kTSV

OSPS\ h �Lt�~�PSWsVX\�~k�HR C � i i T j Z h ~ VX\ �E�koYVMR�oYR�>�+ � � � : ���[\kVX\k\qVX\ C�l os\kV V8\k�kWso i TkV 	IPQWYTSV s =
s1s2 . . . sl

OQPS\'� i i T j Z h ~ VX\ h�ikj Σ TkV8o jUj Z���	 ��� C 	:ykR7V8oY\ " PQRnZ s = s1s2 . . . sl
~ VX�XV8o i Tk\qV8Z

|s| = l �kosV � �Q\kTQV	�kV j " PSR ZpV j s
C

Σl o j Z'�koYV	z�VX\kTQV h WYWsVXR " m RnZUVXR>�kV8R � �Q\kTSV l t,osZ� i i T j Z h ~ VX\�oY\ Σ
C

����� ��������� �!��"�� �#�$���&%	'(��)*)��&�,+.- /10324"657+.- "7)��#898$%

� (%^�& -01#- =	& +;:6+=<f8;:< #�)=b>?7?> ( 1W1 (;@ ����� (Ω, A , P ) �����A��� � � � ��� �����A+?� ����/ ����� � � � � �7BDC � �
� � z h Rn|QPcO �* 6V8ZnZpV BDC �6Rn�k\ i \kT � � � ����� � 	 	1+ $ � 0�	1�E� � 8 ��+�+ � 0 ���#� � : + ��� X1, X2, . . .

� � 8 Ω� ����� � �#�	��� ��� ����� � � � : 9F� �%+ : �������2- ���%$ � Z � Xi : Ω −→ Z � i ≥ 1 � ��� � ��� ��8 	1+ $ ���&� �z h Rn|QPcO j i TkV l osTSVX\ j i T h rNZ : � � ��� 9���G
	IH � ��+�+ � i ∈ N

� �&� 8 H � ��+�+ � x1, x2, . . . , xi+1 ∈ Z � ���

P (X1 = x1, . . . , Xi = xi) > 0
� BDC B �

� � �

P (Xi+1 = xi+1 |X1 = x1, . . . , Xi = xi) = P (Xi+1 = xi+1 |Xi = xi).
� BDCPO �

N
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" osR&\kV8\k\kVX\��kosV�z�VX\qTSV Z VXoY\qVX\=� ��� � ���&� � � � � � i \k� oY\ ZpV8RfykRnV8ZUoYVXRnVX\ Xi
h W j VXos\kVX\ � i �

j Z h \q��V8oY\kV j h � j ZpV8t j � i t � VXosZfy i \k| Z i
C

F oYV�	aPSWYTSV[�qVXR � i r h WYW j O h Rno h ~kWsVX\ T h Z h W j P �kosV�z h RU|�PcO j i TkV l oYTSV8\ j i T h rNZ��{R VX\k\>�qoYV " h TkR �
j i TkVXos\kWYo i Tk|QV8osZX�Q� i t � VXoxZ9y i \k| Z i+1 oY\ V8oY\kV8\ ~�V8WYoYV8~koYTQVX\ � iqj Z h \k��� i TSV8W h \kTQVX\ ��\ i R OSPSt� iqj Z h \k� � i t � V8osZfy i \k| Z i i \k� OQPS\ i j VXWs~ j Z h ~<Ta��\kTQZ�� h ~ VXR \ko i T Z � h OSPS\E�:oY\ R�V8W i TkV8\� iqj Z���\k�kVX\�� hQj h � j ZpVXt rCRny<TkV8R R h R C
� =	/0'	(% ~$!&!'�+ : \ � � � X1, X2, . . .

����� ��- ���)/�	10 ��
������	��� B � � ��� � �%$� � 	!$���+?� 8 H � ��+�+ � i > 1� �&� ��+�+ � x1, . . . , xi ∈ Z

P (X1 = x1, . . . , Xi = xi)

= P (X1 = x1)P (X2 = x2 |X1 = x1) · · ·P (Xi = xi |Xi−1 = xi−1).
� BDC X �

� ({^�& -�1#- = & +;: 3A<f4 =	pr=)')(*&!( 8;:< #�	=*>?7?> ( 1W1 (.@ C ��� � - ���)/�	10 ��
������	��� B � � ��� � �%$ � ��� � � �
TqPSt PQTSVX\ � � ���A�=8 H � ��+�+ � zk, zl ∈ Z

P (Xi+1 = zl |Xi = zk)
� BDC V �

� � � : � ���%$��@$�0�	 � � �����?� � � /1� i � � � B
uwt 	aPSWYTSV8\k�kV8\ ~�V8�XVXo i Tk\kV X[1, i] ~k� R C X[1, i + 1) V8oY\kV6~ VXWsoYVX~qoYTSV 	IPQWYTSV X1, . . . , Xi

OSPQ\� i r h WYW j O h RUo h ~kWsVX\ C
�{t �koYV Q VXR ZpV8oYW i \kT�V8oY\kV8R z h RU|�P O �� V ZUZUV'OSPSWsW j Z��Q\k�qoYT/�kVHGk\koYV8RUVX\ � i | m \k\kV8\ �:t ikjUj �koYVQ V8RnZUVXoYW i \kT&OQPS\ X1

TSVXTQVX~ VX\ j VXos\ C%h V8o B V8oY\ j PST C � �����#� � � ��� � ���&� i \k� X0
VXos\kV�|QPS\ j Z h \ ZUV� i r h WYW j O h RUo h ~kWsV j P � h�jUj TSoYWxZ X0 ≡ B

C F h \k\ o j Z��kosV Q VXRnZUVXosW i \kT)�kV8R�z h RU|�PcO}�� 6V8ZUZUV
X0, X1, . . .

� i R i T��koYV6ost 	aPSWYTQVX\k�kV8\/�kVHGa\qoYVXR ZpV � : � �.$ ���%$ � � ��� �#�"! T TSVXTQVX~ VX\ �
� ({^�& -�1#- = & +;: v <$#t� (* #'):_&2' u pr: 1  -&% @ ����� (Ω, A , P ) ����� ��� � � � ��� �����A+?� ����/ ����� � �
� � � �7B ����� Z ����� � ��� �����&� � � � � � � Z+ := Z ∪ {B} � �&� X0, X1, . . .

����� � �A	 � 	 $ ��� �
- ���)/�	10 ��
������	�'� B � � ��� � �%$ � � 8 Ω � ����� � �#� ��� ��� Z+ � X0 ≡ B B)( ���A� � ��,�A� � �#�

tzk,zl
:= P (Xi+1 = zl |Xi = zk), zk, zl ∈ Z+,

� BDCY� �
8 H � ��+�+ � i ∈ N0

��� � ��� � � � ��� �����A+?� ����/ ����� 0�	 � � ��� �����&� zk
��� � ��� � ��� �����&� zl

9 � $ ��+ ���%$ ���DB
� � � � ���A� ��� tzk,zl

��� � m ~�V8RUT h \kT j R h TkR j i TkV8oY\kWso i Tk|�VXoxZ 0�	1� zk
� � ��� zl

� �&�
T := (tzk,zl

)zk,zl∈Z+
��� � m ~ VXRUT h \kT j t h ZURUo � B

l os\kV V8\k�kWso i TkV 	IPQWYTSV OSPQ\ � ikj Zp�Q\k�kV8\ oY\ Z+ \kV8\k\kV8\sR�oYR VXoY\qVX\ ' 8 ��� C 	:ykR VXos\kVX\ c r h �
x[1, r] ~ VX�8VXo i Tk\kV8Z |x| = r �kosV � ��\kTSV �kV jJc r h �kV j C
Zr ~k�HR C Z+,r j VXo��kosV z�VX\kTQV h WsWYV8R c r h �kV �kVXR � �Q\kTQV r t oxZ � ikj Z��Q\k�qVX\�oY\ Z ~k�HR C Z+ C
Z∗ j VXo��kosV z�VX\kTQV h WsWYV8R c r h �kV ~�V8WYosVX~kosTSVXR � ��\kTSV t oxZ � ikj Z��Q\k�qVX\�oY\ Z

C

" osR ~ V8ZUR h i T ZUVX\ \ i \ � ikj Z��Q\q�kVQ� �koYV�VX\ Z j ykRnV i TkV8\k� V8oY\kV8R TQVXTSV8~�V8\kVX\ " h TkR j i TkV8oY\kWso i TL�
|�VXoxZ j OQVXR ZpVXosW i \qT�V8oY\ h � t ~ PSW hQikj Σ VXRU�8V i TQVX\ C!F C T C � VX�qVXR c r h � X[1, r] t oxZ � ikj Z��Q\k�qVX\os\ Z V8RU�8V i TQZ�VXos\kV 	aPSWYTQV9OSPS\ h � t ~ PSWYV8\ hQikj Σ

C



������� �������	� � ������� � ��
���� ��������	������������	�������� � ��
 n

� (%^�& -01#- =	& +;: � < , p - uWu - =	& u pr: 1  -&% @ ����� (Ω, A , P ) ����� ��� � � � ��� �����A+?� ����/ ����� � � � � �7B
����� Z �����*� ��� � ���&� � � � � � � X0, X1, . . .

����� ��A	 � 	 $ ��� � -����)/�	10 ��
������ � � B � � ��� � �%$ � � 8 Ω� ��� � � �#� ������� Z+ � � �&� Y0, Y1, . . .
����� � 	 	1+ $ � 0�	1��� � 8 ��+�+ � 0 ����� � : + ��� � � 8 Ω � ��� � � ���	���

� � >�+ � � � : ��� Σ B)( ���A� � ��,�A� � ������� � � 8 H � ��+�+ � i ∈ N0

ezk,σj
:= P (Yi = σj |Xi = zk), zk ∈ Z+, σj ∈ Σ.

� BDC � �
( � � � � � � ��� �*��� � � � ��� �����A+?� ����/ ����� � � � � � � � � � ��� �����&� zk

9 � � � �����4� � � /1� i � � � � � � : 	1+ σj� � 9 � � $���B�� � � � � $ ��� � � ��� � � � � � � � � � ��� �����&� zk
� � � � � � : 	1+ σj

VXt,osZUZUoYV8RnZ � �&� � ���A� ���
ezk,σj

��� � l t o jUj oYPS\ j R h TkR j i TkVXos\kWYo i Tk|QV8osZ 0�	1� σj
��� zk

B
( � ��- ��� �#�"! E := (ezk,σj

)zk∈Z+,σj∈Σ
� � � � l t,o jUj oYPS\ j t h ZpRno ��$ ��� ���A�A��B

� i rCTQR i \k� �qoYV j VXR � VX�XV8o i Tk\ i \qTSVX\�R�oYRn� � hQj ��W y<T h ~�V Z Σ hQi i T C � � � � �.	1� � ��+ � � � : ���6TSV �
\ h \k\ Z C
F VXR h Z h RnZ � � ikj Z h \k� B j V8o V8oY\ � ikj Z h \k�E� �qVXR |QV8oY\ h � t ~ PSW hQikj Σ V8t oxZUZposVXR Z�� � C T C eB,σj

= 0 �
∀σj ∈ Σ

Cgl os\kVX\ � ikj Z h \k� �kV8R |QV8oY\ h �Lt�~�PSW hQikj Σ V8t oxZUZUoYVXR Z��c\kV8\k\kV8\ R�oYR:V8oY\kV8\ � � � ��� ���� ��� � ���&� C 	:ykR{�koYV j V8\ 	 h WYW rCywTkRUV8\ R�oYR{�kV8\ h PS\k�qVXRU~ i i T j Z h ~ VX\ ε V8oY\ C u j Z&VXos\ � iqj Z h \k� zVXos\ j Z i t t,VXR � ikj Z h \k� � � h \k\ jph TSVX\�R�osRX� z V8t oxZUZUoYVXR Z't,osZ " h TkR j i TkVXos\kWYo i Tk|QV8osZ 1 � hQjh � t ~ PSW ε C " osR&�kVHGk\koYV8RUVX\ Σ+ := Σ ∪ {ε} i \k� Σ+,l := (Σ ∪ {ε})l C uwt�	aPSWsTSVX\k�qVX\ j V8o
σ0 = ε

C
F VXR � ikj Z h \q� j R hQi t Z | h \k\�VX~ VX\qr h WsW j j Z i t,t,V � ikj Zp�Q\k�kV VX\ ZfT h WsZUVX\ �
� (%^�& -01#- =	& +;: � < uH1 $�psp (* $ $ uH1 :_& 5 @ ����� Z ����� � ��� � ���&� � � � � � � �&�
Z+ := Z ∪ {B} B ����� X0, X1, . . .

����� � �A	 � 	 $ ��� � - ���)/�	10 ��
������	� � B � � ��� � �%$�� ���6� � ���	���
��� Z+ � � �&� Y0, Y1, . . .

����� � 	 	1+ $ � 0�	1��� � 8 ��+�+ � 0 ���#� � : + ��� � ����� � �#� ��� ��� Σ+ B C ��� ���
ez,ε := P (Yi = ε |Xi = z), z ∈ Z+.

( ���A� � � � � ������� ��� �����&� z ∈ Z j Z i t t,VXR � ��� � ���&� $ ��� ���A�A� � � ���A�"$���+?�

ez,σj
= 0, ∀σj ∈ Σ.

� BDCYN �
(�B � B%8 H � ����� ��� � � � ��� ��� � ��� �����&� z ∈ Z+ $���+?� ez,ε = 1 BC � � ���

Z ′ := {zk ∈ Z | ezk,σj
= 0, ∀σj ∈ Σ} ⊂ Z

� BDC Z �
��� ��- ���%$ � ��+�+ � � � � � ��� ����� ��� �����&� � ��� Z B
� ikj � Zp�XWso i T � i t h Z h RnZn� � ikj Z h \k� B rCy<TkRnVX\�R�oYR VXos\kV8\ �LV8~�V8\qr h WsW j j Z i t t,VX\ �.C �&��� � ��� �����&�
E V8oY\ C " oYRn�>�koYV j V8R � ikj Z h \k�'VXoY\qt h W h \qTSVX\kPQt t,VX\ �}| h \k\ V8R�\ko i T Z[t VHTkR7OSVXRnW hQjnj V8\ R VXR���kVX\E�a� C T C tE,E = 1

C
� (%^�& -01#- =	& +;:aA <f4 - 5!5 (*&�7�8;:< #�)=b> 7�8;= 5 (*/ / @
����� Z := {z1, . . . , zm}

������� ��� �����&� � � � � � � �&� Z ′ ��� � - ���%$ � ��+�+ � � � � � ��� ���*� ��� �����&� �
��� Z B ����� B � � ��� �����#� � � ��� � ���&� � �&� E � � � C �&��� � ��� � ���&� B!C � � ��� Z+ := Z ∪ {B, E} B



BW� �����������
	������������	��������������

C ��� I os�k�kVX\ � z h Rn|QPcO � z�P �kV8WYW � I z z � � ��� ' ��� ��� ���	� �#� M := (Σ+, Z+, T , E) � � � ����� �
���&� +?� ��� � 	 	1+ $ � 0�	1� � � 8 ��+�+ � 0 ���#� � : + ���

X0, Y0, X1, Y1, . . . ,
� BDC n �

� 	 : ��� X0, X1, . . .
����� � �A	 � 	 $ ��� � - ���)/�	10 ��
������	� � B � � ��� � �%$ � ��� � � �#� ��� ��� Z+ � X0 ≡

B � � ���'� : � ��$ ���%$ � � ��� �#�"! T = (tzk,zl
)zk,zl∈Z+

� � � � � 	 : ��� $���+?�

tzk,B = 0, ∀zk ∈ Z+,
� BDC B[� �

tB,E = 0,
� BDC BDB �

tE,E = 1,
� BDC B#O �

tzk,E > 0, 8 H � � ���&� B ����� zk ∈ Z,
� BDC B[X �

� �&� Y0, Y1, . . .
����� � 	 	1+ $ ��0�	1�*� � 8 ��+�+ � 0 ���#� � : + ��� � ���1� � �#� ������� Σ+ � Y0 ≡ ε � � ��� C � � � �

� �.	1� � � ��� �#�"! E = (ezk,σj
)zk∈Z+,σj∈Σ+

� � 	 : ��� $���+?�

ezk,σj
= P (Yi = σj |Xs = zk)

= P (Yi = σj |X[0, s) = x[0, s), Xs = zk, Y [0, i) = y[0, i)),
� BDCEB V �

8 H � ��+�+ � i, s > 0 � x0 = B � y0 = ε � zk, x1, . . . , xs−1 ∈ Z � σj, y1, . . . , yi−1 ∈ Σ+ �
� �&�

ezk ,ε =

{

0, ∀zk ∈ Z\Z ′,
1, ∀zk ∈ Z ′ ∪ {B, E},

� BDC B#� �

ezk,σj
= 0, ∀zk ∈ Z ′ ∪ {B, E}, σj ∈ Σ.

� BDC B[� �

l os\ I z z VXRn�XV i TQZ h W j P,VXos\kV 	IPQWYTSV Y [0, r] = y[0, r] OSPS\ l t,o jnj oYPQ\kVX\�oY\ Σ+ i \k� V8oY\kV8\
c r h � X[0, r] = x[0, r] t,osZ � iqj Z���\k�kVX\�os\ Z+ �Q�kV8R��koYV j VXR�	aPSWsTSV OQPS\ l t o jUj osPS\kV8\ � i TQR i \L�
�qVXWYosVXTQZ Cl os\ ~�V j Zpost t ZpV j h � t ~�PQW hQikj Σ | h \k\ � VX�qP i T OSPQ\ OQVXR j i TkoYV8�kVX\qVX\ � iqj Z���\k�kVX\ hQiqj ZV8t oxZUZUoYVXR Z R VXRn�kVX\ C F C T C V8oY\kV 	aPSWsTSV'OSPQ\ l t,o jnj oYPQ\kVX\)| h \k\)\ko i T}Z,V8oY\k�kV i ZposT4VXos\kVXt o TkR
� i TSR i \k�kV8WYoYV8TSVX\q�kVX\ c r h � � i TSVXPQRU�k\kV Z�R�V8RU�kV8\ C F V8R � i TQR i \k�qVXWYosVXTSV8\k�kV c r h � ~qWYVXos~qZ h Wx�
j P 0�� � : 	 �.$ ��� � V8\kTSW C �%����� ��� � �)R�PcOSPQ\ j o i T4�kV8R � h t,V � ����� ��� �.- ��� /�	10 �.- 	�� ��+�+ h ~kWsVXoxZpV8Z C
z�osZ9TqoYWsrCV �qVXR rCPQWYTSV8\k�kVX\ h ��ZU�XV ~q�HR C ��WYTSPQRUosZfTkt,VX\)| m \q\kVX\�R�osR � V8�kP i T �kVX\ �qVXR 	aPSWsTSV
Y [0, r] = y[0, r] h t R h TqR j i TqVXoY\qWYo i T j ZpV8\ � i TSR i \k�kVXWsoYV8TSVX\k�qVX\ c r h ��~ V j ZpoYt,t,VX\ C
� ({^�& -�1#- = & +;: ! ����� Y0, Y1, . . . , Yr

� r ≥ 0 � ����� �
	 	1+ $ � 0�	1��C � � � � �.	1� ���DB ( ���A��� ��,�A� � �
����� � � �

Sr := Y0Y1 . . . Yr

� BDC B#N �
Sr

� � � ��� � � � �)/ ����� � �%$2� � � 	 	1+ $ �(0�	1�=C � � � � �.	1� ��� Y [0, r] � �&� � � � � ��� 	 : � ���%� � �%$"$ � �
� ���A�A��B
F h Y0 ≡ ε �aTSoYWxZ�rCykR r ≥ 1 Sr = Y0Y1 . . . Yr = Y1 . . . Yr

C



������� �������	� � ������� � ��
���� ��������	������������	�������� � ��
 BDB

) (*psp : +;: & ����� y[1, r] ����� � 	 	1+ $ �=0�	1� C � � � � �.	1� ���2��� Σ+,r � �&� x[1, r] ����� ' 8 �������
Zr B ����� x0 := B B ( ���A� � � � ��� �7��� � � � ��� �����A+?� ����/ ����� � � � � � y[1, r] � �&� x[1, r] TSV8t V8oY\ jUh t
� � ����� � ��� ����� � B������ ��,�A� � ���	��� ' �)	�9 � � � � � 9 � � $�� � � � � ��� � $ �.$ � : ��� � � �����

P
(

X[1, r] = x[1, r], Y [1, r] = y[1, r]
)

=
r

∏

i=1

txi−1,xi
exi,yi

.
� BgCEB[Z �

� (�� ( - u F h P
(

X1 = x1

)

= P
(

X1 = x1

∣

∣ X0 = B
)

= tB,x1
= tx0,x1

�
X1, X2, . . .

V8oY\kV TkPQt PSTQVX\kV'z h Rn|QPcO �* 6V8ZnZpV BgC �&Rn�k\ i \kT o j ZX� i \k� hQi rCTSR i \q� OSPQ\ � BgCEBWV �
TSoYWxZ �

P
(

X[1, r] = x[1, r], Y [1, r] = y[1, r]
)

= P
(

Y [1, r] = y[1, r]
∣

∣X[1, r] = x[1, r]
)

· P
(

X[1, r] = x[1, r]
)

=
(

r
∏

i=1

P
(

Yi = yi |Xi = xi

)

)

·
(

P
(

X1 = x1

)

·
r−1
∏

i=1

P
(

Xi+1 = xi+1 |Xi = xi

)

)

=

r
∏

i=1

exi,yi
· tx0,x1

r−1
∏

i=1

txi,xi+1

=
r

∏

i=1

txi−1,xi
exi,yi

.

2F oYV9TSVXt,VXos\ jph t,V�" h TkR j i TkV8oY\kWso i Tk|�VXosZ VXoY\qVXR[��V8PS~ h i T Z i \kT s[1, l] oY\ Σl �k� C T C V8oY\kV8R�	aPSWYTSV
OSPS\ l t,o jUj oYPS\qVX\ os\ Σ � i \k�)V8oY\kV j�c r h �kV j x[1, r] | h \k\ hQi r��gTk\kWso i TkV " V8o j V ~�V8RUV i Tq\kV8Z
R�V8RU�kV8\ �
� (%^�& -01#- =	& +;:6+
	 ����� z ∈ Z+ B)( ���A� � ��,�A� � �#�

dz :=

{

1, 8 ��+�+ � z ∈ Z\Z ′,
0, 8 ��+�+ � z ∈ Z ′ ∪ {B, E},

� BgCEB[n �

��� � >��%9 � �%+ � � � � � � : 	1+ � � ��� Σ � ��� � ������� ��� � ���&� � � ������� � �#��B
� (%^�& -01#- =	& +;:6+)+ ����� x[1, r] ����� ' 8 ��� ��� Zr B)( ���A� � ��,�A� � �#�

Dk,j :=

j
∑

i=k

dxi
∀ k, j = 1, . . . , r, k ≤ j,

� BDCYOg� �

��� � >��%9 � �%+ � � � � � � : 	1+ � � ��� Σ � ��� �!� � ��� ����+ � 8 ��� x[k, j] 0�	1� x[1, r] � � ������� � ����B
) (*psp : +;:6+ \ ����� s[1, l] ����� � ��� 	 : � ���%� � �%$ ��� Σl � �&� x[1, r] ����� ' 8 ��� ��� Zr B �����
x0 := B B



B[O �����������
	������������	��������������

( ���A� � � � ��� � ��� � � � ��� �����A+?� ����/ ����� � � � � � s[1, l] � �&� x[1, r] $ � � ����� � ��� � � ����� � ��� ���
� � B������ ��,�A� � ���	��� ' �)	�9 � � � � � 9 � � $�� � � � � ��� � $ �.$ � : ��� � � �����

P
(

X[1, r] = x[1, r], Sr = s[1, l]
)

=











r
∏

i=1

txi−1,xi
exi,s[D1,i,D1,i+dxi

),
8 ��+�+ � D1,r = l,

0, 8 ��+�+ � D1,r 6= l.

� BDCYObB �

� (�� ( -6u
h VXo D1,r 6= l i \k� |Sr|

�kosV � ��\kTSV6�kV8R�� VXPS~ h i T}Z i \kT Sr

C

⇒ |Sr| = |Y1 . . . Yr| = D1,r 6= l

⇒ P (X[1, r] = x[1, r], Sr = s[1, l]) = 0.

� h VXos\ c r h � x[1, r] �kV8R D1,r 6= l
h � t ~ PSWYV hQikj Σ V8RU�XV i TQZX�Q|QV8oY\kV ��VXPS~ h i T Z i \kT �kV8R � �Q\kTQV

l VXRU�8V i TQVX\ | h \q\ Ch VXo D1,r = l
C

h VXo s0 := ε
C	h VXo y1, ..., yr

V8oY\kV 	aPSWsTSV9OSPQ\ l t,o jUj oYPS\qVX\/oY\ Σ+,l t,osZ

yi := s[D1,i, D1,i + dxi
), i = 1, . . . , r.

� BgCPODO �
F h \k\�TSoYWxZ

y1 . . . yr = s[D1,1, D1,1 + dx1
) . . . s[D1,r−1, D1,r−1 + dxr−1)s[D1,r, D1,r + dxr

)

= s[dx1
, dx1

+ dx1
) . . . s[l − dxr

, l − dxr
+ dxr−1)s[l, l + dxr

)

= s1 . . . sl,
� h D1,r = l.

⇒ P (X[1, r] = x[1, r], Sr = s[1, l]) = P (X[1, r] = x[1, r], Y [1, r] = y[1, r])

=
r

∏

i=1

txi−1,xi
exi,yi

=

r
∏

i=1

txi−1,xi
exi,s[D1,i,D1,i+dxi

).

2

P (X[1, r] = x[1, r], Sr = s[1, l]) o j Z&�kosV " h TkR j i TkVXos\kWYo i Tk|QV8osZX�EVXos\kV � VXPS~ h i T}Z i \kT s[1, l]i \k� V8oY\kV8\ ~ V j ZpoYt,t�ZUVX\ c r h � x[1, r] $ � � ����� � ��� � i R i T � hQjLI z	z � i VXRn�XV i TSVX\ C!l oY\qV� VXPS~ h i T}Z i \kT | h \k\ � V8�kP i T � i R i T OSV8R j i TkoYV8�kVX\kV c r h �kV�VXRU�8V i T�Z R VXRn�kVX\ C " oYR�R PSWsWYVX\
\ i \ �kosV " h TqR j i TqVXoY\qWYo i Tq|QVXoxZ/~�V8RUV i Tk\kVX\E� s[1, l] � i R i T � hQj I z z � i V8RU�XV i TSV8\ CJF oYV j
o j Z/t,osZfTkoYWxrCV �kV j �&	 ������#� � ��>�+ $%	 �#��� � � ��� � �9~ j i Tk\koxZUZ BDCPO � t m TSWso i T C F h � i rCy<TqRUVX\ R�oYR
� i \a� i T j Z�VXoY\qoYTSV � PQZ h ZUoYPS\qVX\ i \k� F V Ga\kosZUoYPS\qVX\/VXos\ C
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 B[X

� = 1 : 1[- =	& +;:6+*3 l j{j VXo

T := {(zk, zl) ∈ Z × Z | tzk,zl
> 0}

� BDCYOgX �

�koYV>z�VX\qTSV h WYWsVXR c:hQh RUV'OQPS\ � ikj Zp�Q\k�kV8\ (zk, zl) ∈ Z × Z t,osZ VXos\kVXR m ~ VXRnT h \kT j R h TkR �
j i TkV8oY\kWso i Tk|�VXoxZ tzk,zl

TSR m jnj V8R h W j 0 C " oYR$\kVX\q\kVX\ T �kosV z�V8\kTSV h WsWYV8R
t m TSWso i TkV8\ m ~�V8RUT ��\kTSV�HR�o j i TkV8\ � ikj Z��Q\k�qVX\ os\ Z
C

l j{j VXo
T ′ := {(zk, zl) ∈ T | zl ∈ Z ′} ⊂ T

� BDCPO~V �

�koYV z�VX\kTSV h WsWYVXR m ~ VXRnT �Q\kTSV��a�koYV6os\/VXoY\qVXt j Z i t,t V8\ � ikj Z h \k��oY\ Z VX\k�kV8\ C

� (%^�& -01#- =	& +;:6+ v < $ $ uH1 :<& 5!u ') #:<q�(}$!& 5 |�$2�27 $ $ uH1 :_& 5!u ') ~:wq�( @ ����� Z ����� � ��� �����&� � �
� � � �7B ����� ��� T � �&� T ′ � ��,�A� � �#� � � � ��� � 	1�������.	1� � B&��� B
( � � � ikj Z h \k� j TSR h y<T ����� � � �A	 � 	 $ ��� ��� -����)/�	10 ��
������ � � B � � ��� � �%$ X1, X2, . . .

� ��� � � � �
� ��� ��� Z � �&� � : � ��$ ���%$ � � ��� �#�"! T � � � � ��,�A� � �#� ��+ � � � � $ � �#� ���%� ���	��� � ��� �
G := (Z, T )

B � C B (�B � B Z � � � ��� � - ���%$ � ��+�+ � �1
!�
	1� ��� � �&� T ��� � - ���%$ � ��+�+ � �1
 ���A� ���
0�	1� G B
( ���2$ � �#� ���%� ���	����� ����� � ��� G′ := (Z, T ′) � � � �(� � � ��� � 
 ���A�	��� 0�	1� G ���A� � ��+?� ����� � ���
����� � � � � � ��� ���,� ��� �����&� ���&� ��� � � ���A� ��� � � ��� ��� h i ~L� � ikj Z h \k� j TSR h ywTkVX\2� � � -����)/�	10 �

������	�$B
� (*pr(% ~��$�&2'�+;:6+ � h VXo G := (V, E) V8oY\ h � � |}WYo j i TkV8RX�ITSV8RUo i T ZUV8ZpV8R l R h y<T �<R PS~ VXo V �qoYV
z�VX\qTSV h WYWsVXR= \qPQZpV8\ i \k� E �koYV z�VX\kTQV h WYWYV8R= h \ ZUVX\ OSPS\ G j VXo C`F h \k\)| m \k\qVX\ h WYWsV
 6\kPQZpV8\ v ∈ V OQPS\ G j P WsoY\kV h R h \kTSV8PSRU�k\qV8Z R VXRn�kVX\E�q� hQjnj rCykR � VX�kV� h \ ZpV (u, v) OSPS\ G �
u, v ∈ V � �kVXR  6\kPQZUVX\ u oY\ �kV8R
WsoY\kV h RUV8\ ��\kPSRn�k\ i \kT{�kVXR  6\kPQZpV8\ OQPS\ G OQPSR �kVXt  6\kP�ZpVX\
v VXR j i TkVXos\ Z C h PSW i T V8oY\kV WYos\kV h RnV��9\kPSRn�k\ i \kT4\kV8\k\ Z t h \ V8oY\kV��*	 �A	1+ 	 $�� � ��� � � 	 �#��� � � � �%$
OSPS\ G

B �1C C
l oY\kV{ZpPDy PSWYPQTSo j i TkV h PSRnZUoYV8R i \kT VXos\kV j � � |}WYo j i TkVX\E�LTSV8RUo i T}ZUV8ZUVX\ l R h y<TqVX\>o j Z P�
EV8\ j o i T ZpWYo i T
\ko i T Z{t m TSWYo i T C

uwt 	aPSWsTSVX\q�kVX\�rCPSRU�kV8RU\sR�osRX�
� hQjUj �kVXR h i ~L� � ikj Z h \k� j TSR h ywT G′ = (Z, T ′) h � � |}WYo j i T o j Z C
" oYR,| m \q\kVX\ h W j P G′ ZUPDy PSWYPSTQo j i T j PQRnZposVXRnVX\ � � C T C R�osR'| m \k\kV8\ �koYV � ikj Zp�Q\k�kV��kV j � i �
j Z h \k� j R hQi t j Z WYos\kV h R h \kPQRU�k\kV8\ � j P,� hQjUj�� V8�kVXR j Z i t,t V � ikj Z h \k�/oY\ Z os\ �kVXR�WYoY\qV h RnVX\�9\kPQRU�k\ i \kT,RUV i T Z j OQPS\ h WYWsVX\ j V8oY\kV8\ Q PQRUT �Q\qTSVXRn\�V8R j i TkVXos\}Z C
� i rCTQR i \k� �kosV j VXR 	aPSRn�kVXR i \kT o j Z4V j t m TSWso i T ���kV8\ Q PSRSR��QR Z j � � �9WsTSP CKBDCPO*B � i \q� �qVX\Q oxZpVXRn~kox� �9WsTSPSRUoxZ9Tkt ikj B OgN C � �9WsTSP C)BDC XwB � PDTk\kV&TQRUP jnj V&��~%R h \k�qW i \kT �qVXR os\'�kV8R � osZpV8R h Z i RX�
j osV TkV � C � C B � C ��OSV8R m 
�VX\ ZUWYo i T ZUVX\4�9WsTSPSRnosZ9Tqt V8\�� i R i Tk� i rCy<TkRnVX\ �?R VX\q\�ost � ikj Z h \k� j R hQi t
Z j Z i t t,V � ikj Zp�Q\k�kV � i TSVXW hQjUj VX\ j oY\q� C � �gTqVXRUV j � h � i�j osV TkV ��~ j i Tk\qosZUZ BDCYO i \k� BDCYXbCl oY\���VXo j ykosVXW
rCykR6VXos\kVX\ h � �L|}Wso j i TqVX\ h i ~L� � ikj Z h \k� j TSR h ywTkVX\ G′ = (Z, T ′) VXos\kV jMI z	z jo j Z�oYtv��\<T h \qT h ~qTSVX~kosWY�kV Z C
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� ��� � "10����10 � % +�� 8
	 "10 � ���� �*%

� ({^�& -�1#- = & +;: + � < � =) ���w 1[u 7 � :< - :<��/6(.@ ����� s[1, l] ����� � � 	 : � ���%� � �%$ ��� Σl B�( ���A��� � �
,�A� � ����� � � � 8 H � ��+�+ � z ∈ Z ��� � Q PSRSR��QRnZ j � Q h RUo h ~kWYV8\

αz,0 := P
(

⋃

j≥1

{Xj = z, Sj = ε}
)

,
� BDCYOD� �

αz,i := P
(

⋃

j≥1

{Xj = z, Sj = s[1, i]}
)

, i = 1, . . . , l.
� BDCYOg� �

αz,i
� i = 1, . . . , l o j Z h W j P �kosV " h TqR j i TqVXoY\qWYo i Tq|QVXoxZ�� hQi rEV8oY\kV8t ~�V8WYosVX~kosTSVX\ c r h �,~�V8WYosVX~kosTSVXR� �Q\qTSV j os\'�kV8\ � ikj Z h \k� z � i TQVXW h \kTSVX\E� i \k�>� h ~ VXo � hQj c Rp�dG � s[1, i] �qVXR � VXPS~ h i T}Z i \kT

s[1, l] � i V8RU�8V i TSV8\ C αz,0
o j Z9�qoYV " h TqR j i TqVXoY\qWYo i Tq|QVXoxZ�� hQi r7V8oY\kV8t ~�V8WYoYV8~koYTQVX\ c r h �	~�V8WYosV �

~qoYTSV8R � �Q\kTSV�oY\>�qVX\ � ikj Z h \k� z � i TSVXW h \kTSV8\ i \k� � h ~�V8o�|�VXos\ VXoY\q�XoYTQV j � V8o i TkV8\ hQikj Σ � iV8t oxZUZUoYVXRnVX\ C
) (*pspr: +;:6+<A ����� s[1, l] ����� � ��� 	 : � ���%� � �%$ ��� Σl B ����� x0 := B B �����
� � � � � : � � ��� � ���&� � �
$�� ��� � G′ = (Z, T ′) � 9�� /1+?� � ��� B ( ���A�"$���+?� 8 H � ��+�+ � z ∈ Z � i = 1, . . . , l �

αz,0 =
∑

j≥1

P (Xj = z, Sj = ε),
� BDCYODN �

αz,i =
∑

j≥1

P (Xj = z, Sj = s[1, i]).
� BgCPOgZ �

� (�� ( -6u
h VXo z ∈ Z i \k� i ≥ 1

C
h VXo X[1, r] V8oY\ c r h ��t,osZ Xj = Xk = z � j, k ∈ {1, . . . , r}, j < k � j P � hQjUj
Sj = Sk = s[1, i] ~k�HR C Sj = Sk = ε

C
h VXo z ∈ Z ′ VXoY\ j Z i t t,VXR � ikj Z h \k� C F h \k\�TQoYWsZ X[j, k] = x[j, k] ∈ (Z ′)k−j+1 t,osZ
xj = xk = z

C F osV j o j Z � V8�kP i T \ko i T Z t m TSWYo i T �:� h � � |}WYVX\GOSPS\ j Z i t t,VX\ � ikj Z��Q\k�qVX\
h�ikj TSV j i TkWsP jUj VX\ j oY\k� Ch VXo z ∈ Z\Z ′ C F h \k\ o j Z rCyqR h WYWYV j < k t oxZ Xj = Xk = z � Sj 6= Sk

C F oYV j o j Z�VXoY\
" os�kVXR j ykR i i T � i Sj = Sk = s[1, i] ~k�HR C Sj = Sk = ε

C
F h R hQiqj rCPQWYTQZ rCyqR h WYWsV z ∈ Z � k, j ≥ 1, k 6= j �

{Xj = z, Sj = s[1, i]} ∩ {Xk = z, Sk = s[1, i]} = ∅,i \k� {Xj = z, Sj = ε} ∩ {Xk = z, Sk = ε} = ∅.
F h R hQiqj rCPQWYTQZ

αz,0 = P
(

⋃

j≥1

{Xj = z, Sj = ε}
)

=
∑

j≥1

P (Xj = z, Sj = ε)

	$ykR αz,i, i = 1, . . . , l, W � jnj Z j o i T��qoYV j{h \ h WYPST ~ VHR VXo j V8\ C 2
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 B#�

) (*psp : +;:6+ ! ����� s[1, l] ����� � � � 	 : � ���%� � �%$ ��� Σl B ����� x0 := B � �&� αB,0 := 1 B �����
G′ = (Z, T ′) � 9�� /1+?� � ��� B( ���A�"$���+?� 8 H � ��+�+ � z ∈ Z

αz,0 =







∑

z′∈Z′∪{B}

αz′,0tz′,z , 8 ��+�+ � z ∈ Z ′,

0 , 8 ��+�+ � z ∈ Z\Z ′,

� BgCPOgn �

αz,i = ez,s[i,i+dz)

∑

z′∈Z∪{B}

αz′,i−dz
tz′,z , i = 1, . . . , l.

� BDCYXg� �

� (�� ( - u��
h VXo Z ′ �qoYV z�V8\kTSV h WYWsVXR j Z i t,t,VX\ � ikj Zp�Q\k�kV oY\ Z

C
h VXo z ∈ Z\Z ′ C_F h \q\�TSosWsZ

αz,0 =
∑

j≥1

P (Xj = z, Sj = ε) = 0, � h Sj 6= ε rCyqR Xj = z t,osZ z ∈ Z\Z ′.

h VXo z ∈ Z ′ C)F h \k\�TSoYWxZ

αz,0 =
∑

j≥1

P (Xj = z, Sj = ε)

=
∑

j≥1

∑

z′∈Z∪{B}

P (Xj = z, Yj = ε, Xj−1 = z′, Sj−1 = ε)

=
∑

z′∈Z∪{B}

tz′,zez,ε

∑

j≥1

P (Xj−1 = z′, Sj−1 = ε)

=
∑

z′∈Z∪{B}

tz′,z
(

P (X0 = z′, S0 = ε) +
∑

j≥2

P (Xj−1 = z′, Sj−1 = ε)
)

=
∑

z′∈Z∪{B}

tz′,z
(

P (X0 = z′, S0 = ε) +
∑

j≥1

P (Xj = z′, Sj = ε)
)

=
∑

z′∈Z∪{B}

tz′,zαz′,0

=
∑

z′∈Z′∪{B}

tz′,zαz′,0,

� h X0 ≡ B � P (Xj = B, Sj = ε) = 0 � ∀j ≥ 1 � αB,0 = 1 i \k� αz′,0 = 0 rCykR z ∈ Z\Z ′ Ch VXo z ∈ Z
C<F h \k\�TSoYWxZ

αz,i =
∑

j≥1

P (Xj = z, Sj = s[1, i])

=
∑

j≥1

∑

z′∈Z∪{B}

P (Xj = z, Yj = s[i, i + dz), Xj−1 = z′, Sj−1 = s[1, i − dz])
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=
∑

z′∈Z∪{B}

tz′,zez,s[i,i+dz)

∑

j≥1

P (Xj−1 = z′, Sj−1 = s[1, i − dz])

=
∑

z′∈Z∪{B}

tz′,zez,s[i,i+dz) ·

·
(

P (X0 = z′, S0 = ε) +
∑

j≥1

P (Xj = z′, Sj = s[1, i − dz])
)

= ez,s[i,i+dz)

∑

z′∈Z∪{B}

tz′,zαz′,i−dz

� h X0 ≡ B � P (Xj = B, Sj = s[1, i − dz]) = 0 � ∀j ≥ 1 � i \q� αB,0 = 1
C

� ({^�& -�1#- = & +;: + & < � =) ���w 1[u 7�� : (2 u � (2( - &!/ - � (!�)( -�1 @ ����� s[1, l] ����� � ��� 	 : � ���%� � �%$����
Σl B ( ���A� � ��,�A� � ������� � �!��� � Q PSR R ��RnZ j �#" h TkR j i TkV8oY\kWso i Tk|�VXosZ

α∗,l := P
(

⋃

j≥1

Xj+1 = E, Sj = s[1, l]
) � BDC XwB �

F oYV Q PSRSR��QRnZ j � " h TqR j i TqVXoY\qWYo i Tq|QVXoxZ α∗,l
o j Z h W j P �kosV " h TkR j i TkV8oY\kWso i Tk|�VXoxZ�� �koYV ��V8PS~ h i TL�

Z i \kT s[1, l] � i R i T � hQjJI z	z � i V8RU�8V i TSV8\ C
) (*pspr: +;: \ 	 C � $���+?�

α∗,l =
∑

z∈Z

αz,l · tz,E

� BDC X{O �

� (�� ( -6u

α∗,l = P
(

⋃

j≥1

Xj+1 = E, Sj = s[1, l]
)

=
∑

j≥1

P
(

Xj+1 = E, Sj = s[1, l]
)

( j oYV TqV � VHR VXo j � i � VXt,t h 1.17)

=
∑

j≥1

∑

z∈Z

P
(

Xj+1 = E, Xj = z, Sj = s[1, l]
)

=
∑

z∈Z

tz,E

∑

j≥1

P
(

Xj = z, Sj = s[1, l]
)

=
∑

z∈Z

tz,Eαz,l

2

�t/0')=) -�1 (!p $ u +;: \ + < � =) ���< 1#u 7��t/0')=	 -�1 (!p $ u @
h VXo6�kV8R � iqj Z h \k� j R hQi t Z = {z1, . . . , zm}

VX\ Z j ykRnV i TkV8\k���kV j ZUPDy�PQWYPSTSo j i T j PSRnZUoYV8RnZpV8\h i ~L� � iqj Z h \k� j TQR h y<TqVX\ G′ = (Z, T ′) j PSRnZUoYVXR Z C_FLC T C rCyqR h WYWYV zi, zj ∈ Z TQVXWsZUV
i < j, r h WsW j tzi,zj

> 0 i \k� zj ∈ Z ′.
� BDC XDX �
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h VXo z0 := B
C<F h \k\/W � jUj Z j o i T/�kosV Q PSR R �QR Z j �#" h TkR j i TkVXos\kWYo i Tk|QV8osZ[t,osZfTkoYWxrCV��kV j rCPSWsTSVX\k�qVX\

�&	 �������� � ��>�+ $%	 �#��� � � ��� ~ VXRUV i Tk\kV8\ �
l RU�XV i TSV � hQj 	aVXWs� αz,i, z ∈ Z ∪ {B}, i = 0, . . . , l

C

BDC uw\koxZpo h WYo j oYV8R i \qT �

αB,0 = 1,

αz,0 = 0, ∀z ∈ Z\Z ′,
rCykR j = 1, . . . , m, zj ∈ Z ′ ~ VXRUV i Tk\kV

αzj ,0 =
∑

zk∈Z′∪{B},k<j

αzk,0tzk,zj

ObC ��VX| i R j oYPQ\ �
rCykR i = 1, . . . , l,
rCykR j = 1, . . . , m ~�V8RUV i Tq\kV

αzj ,i = ezj ,s[i,i+dzj
)

∑

zk∈Z∪{B},k<j

αzk,i−dzj
tzk,zj

XwC � VXRnt os\ h ZposPS\ �
~ VXRnV i Tk\kV

α∗,l =
∑

z∈Z

αz,ltz,E

� (*pr(% ~��$�&2'�+;: \)\ 	:ykR VXos\kVX\ j Z i t t,VX\ � ikj Z h \q� z ∈ Z ′ TSosWsZ αz,i =
∑

z′∈Z αz′,itz′,z
�

� h dz = 0 rCykR h WYWsV z ∈ Z ′ C u j Z[�kVXR � ikj Z h \k� j R hQi t Z V8\ Z j yqRUV i TqVX\k���kVXR �{V8o TkV8\qrCPSWYTQV��kV8R� ikj Zp�Q\k�kV�oYt ZpPDy PSWsPSTSo j i T j PSR ZpoYV8RnZUVX\ h i ~L� � ikj Z h \k� j TSR h ywTkVX\ G′ j PSR ZposVXRnZ � j osV TkV BDC XDX � �
i \k� R�V8RU�kV8\ �kosV Q PSR R �QR Z j � Q h Rno h ~kWsVX\ h WsWYV8R � ikj Z��Q\k�qV�rCyqR h WYWsV i ≥ 0 oY\4�kosV j V8R �{V8o TkV8\L�rCPSWYTQV ~ VXRnV i Tk\kV Z���o j Z j o i TkV8RUTSV j ZUVXWYWxZ�� � hQjnj �koYV Q PSRSR��QR Z j � Q h RUo h ~kWsVX\ αz′,i

h WYWsVXR Q PSRUTS�Q\kTSV8R
z′ OSPS\ z ∈ Z ′ t,osZ tz′,z > 0 ~�V8RUV8osZ j ~ VXRnV i Tk\qV8Z R i RU�kV8\ � i \k��oYtv��WYTSPQRUosZfTkt ikj \ko i T Z hQi rVXos\kVX\�\kP i T�\ko i T Z�~�V8RUV i Tq\kV8ZUVX\ " VXR Z�� i TSV8TSRUo 
EV8\ R�osRU� C
	:ykR V8oY\kV8\)\ko i T Zn� j Z i t t,VX\ � iqj Z h \k� z ∈ Z\Z ′ VXRUTQoY~qZ j o i T)|�VXoY\ c RUPQ~kWYV8t oY\ �kVXR���V �
RUV i Tk\ i \kT��kVXR Q PSR R ��RnZ j � Q h Rno h ~qWYVX\E� � h dz = 1 rCykR h WsWYV z ∈ Z\Z ′ � i \k� αz′,i−1

rCykR h WYWYVQ PSRUTS�Q\kTSV8R z′ ∈ Z ~�V8RUVXoxZ j oYt OSPSRSTkVXRnoYTSV8\ hbi TkRUoxZUZ{~ VXRUV i Tk\kV ZjR i Rn�kV C
� = /0')(% d$!&2'�+;: \ 3A< ) :<$�% "{( -�1 @ ����� s[1, l] ����� � � � 	 : � ���%� � �%$ � � ��� ���%$ � l � �&� m ��� �
>��%9 � �%+ ��+�+ � � � ��� � ���&� ����� Z B ( ���A� + � � � ��� � � ��� � ��� ��+?� ��� � �&	 ������#� � �1� ���#� � : + ��� �=��� �
�&	 �������� � � ��� � � � ��� �����A+?� ����/ ����� � �&� � 	 � ��� ��� �A��� � � � ��� �����A+?� ����/ ����� � � � ��� 	 : � ���%� � �%$ s� ��� �%��+ 8 �!� � � �&	 �������� � ��>�+ $%	 �#��� � � ��� ����� ����� O(m2l) : � �������%� ���DB
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� ��� ��� �!��0�� � + � 8 	�"103�9���� �*%

l os\kV/��VXPQ~ h i T Z i \qT s[1, l] | h \k\)� i R i T)OSVXR j i TkosVX�kV8\kV c r h �kV/� i R i TG� hQj I z	z VXRn�XV i TQZ
R VXRn�kVX\ C F oYV " h TkR j i TkVXos\kWYo i Tk|QV8osZ�t oxZ �qVXR � V8�kVXR �koYV j V8R c r h �kV �koYV'��VXPS~ h i T Z i \kT s[1, l]V8RU�8V i TQZX� | h \k\ � VX�kP i T i \ ZpVXR j i TkosVX�kWso i TTkP i T j VXoY\ C ��\ ZpV8R h WYWYV8\ c r h �kV8\ � �koYV[�qoYV���V8PS~ h i TL�
Z i \kT/VXRn�XV i TSVX\E� jUi i TkV8\ R�osR&\ i \ VXoY\qVX\ c r h � v[1, r] � rCyqR6�kVX\ �kosV j V " h TkR j i TkV8oY\kWso i Tk|�VXoxZ
t h �LoYt h W�R�oYRn� C�F h ~�V8o o j Z6� i ~ V h i T ZpV8\ ��� hQjnj V j OSV8R j i TkoYV8�kVX\kV c r h �kV � i R i T�� hQj.I z	z
TQVX~ VX\ | h \q\ � �koYV,�koYV j VXRnrCyqWYWYV8\ C!x VX�qVXR��qoYV j VXR c r h �kV,o j Z �kV8RKR h TkR j i TkV8oY\kWso i T j ZpV �kVXR ��V �
PQ~ h i T Z i \qT	� i TQR i \k�qVXWYosVXTSV8\k�kV c r h � i \q� R�oYRn� �����	� � : � � ' 8 ��� TQVX\ h \q\}Z C 	:ykR VXoY\qV � VXPS~L�
h i T}Z i \kT4| h \k\ V j h W j P/OSV8R j i TkoYV8�kVX\kV Q osZpV8RU~ko � c r h �kV�TSV8~�V8\ C ��\ j VXR � osVXW�o j Z�V j �
rCykR V8oY\kV
TQVXTSV8~�V8\kV�� VXPS~ h i T}Z i \kT,VXos\kVX\��kVXR Q osZpV8RU~ko � c r h �kV9� i Ga\k�kV8\ C
� ({^�& -�1#- = & +;: \ v < � -01 (% #� - 7 ] % : 5 @ ����� s[1, l] ����� ����� 	 : � ���%� � �%$(��� Σl B
	 H � ����� ��� ' 8 ��� x ∈ Z∗ � ��� lx

��� � � ���%$ � 0�	1� x B
C ��� Q oxZpVXRn~kox� c r h � � � ����� 	 : � ���%� � �%$ s[1, l] � � � ����� ' 8 ��� v∗ ∈ Z∗ 8 H � � ���"$���+?��G

v∗ ∈ arg max
x∈Z∗

P
(

X[1, lx] = x[1, lx], Xlx+1 = E
∣

∣ Slx = s[1, l]
)

.
� BDC XgV �

l os\ Q oxZpV8RU~ko � c r h � v∗ VXoY\qVXR ��VXPS~ h i T Z i \kT s[1, l] | h \k\ t,osZfTkoYWxrCV VXos\kV j �9WYTQPSRUoxZ9Tkt iqj ~ V �RnV i Tk\qV8Z R�V8RU�kV8\ � �kVXR7�kV8t Q PSR R �QR Z j �w�9WsTSPSRnosZ9Tqt ikj:j V TkR �gTq\kWYo i T o j Z CDF h � i �kVHGa\qoYVXRnVX\ R�oYR
� i \a� i T j Z��koYV ����� � � : � �1� ���#� � : + ��� i \q���kosV � ���	� � : � � ��� � � � ��� �����A+?� ����/ ����� �
� ({^�& -�1#- = & +;: \ � < � -01 (% #� - 7 � :< - :<��/0(;@ ����� s[1, l] ����� ��� 	 : � ���%� � �%$(��� Σl B
����� x0 := B B ( ���A� � ��,�A� � ����� � � � 8 H � ��+�+ � z ∈ Z ��� � Q oxZpV8RU~ko � Q h Rno h ~kWsVX\

δz,0 := max
j≥1

max
x[0,j)∈Z∗

P (Xj = z, X[0, j) = x[0, j), Sj = ε),
� BDC X{� �

δz,i := max
j≥1

max
x[0,j)∈Z∗

P (Xj = z, X[0, j) = x[0, j), Sj = s[1, i]),
� BgCYXD� �

i = 1, . . . , l.

) (*pspr: +;: \ � ����� s[1, l] ����� � � � 	 : � ���%� � �%$���� Σl B ����� x0 := B � δB,0 := 1 � �&� δB,i = 0 �
∀i ≥ 1 B)( ���A�"$���+?� 8 H � ��+�+ � z ∈ Z

δz,0 =

{

0 , 8 ��+�+ � z ∈ Z\Z ′,
max

z′∈Z′∪{B}
δz′,0tz′,z , 8 ��+�+ � z ∈ Z ′,

� BDC X{N �

δz,i = ez,s[i,i+dz) max
z′∈Z∪{B}

δz′,i−dz
tz′,z, i = 1, . . . , l.

� BDC XDZ �

� (�� ( -6u �
h VXo Z∗

B
�kosV9z�VX\kTSV h WsWYV8R c r h �kV�~�V8WYosVX~kosTSVXR � �Q\qTSV�t oxZ h Z h RnZ oYt � ikj Z h \k� B

C*h V8o x0 := B
C

h VXo z ∈ Z\Z ′ C<F h Sj 6= ε rCykR Xj = z t oxZ z ∈ Z\Z ′ �aTSosWsZ

δz,0 = max
j≥1

max
x[0,j)∈Z∗

B

P (Xj = z, X[0, j) = x[0, j), Sj = ε) = 0.
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� 
 B[n

h VXo z ∈ Z ′ C)F h \k\�TSoYWxZ
δz,0

= max
j≥1

max
x[0,j)∈Z∗

B

P
(

Xj = z, X[0, j) = x[0, j), Sj = ε
)

= max
{

P
(

X1 = z, X0 = x0, S1 = ε
)

,

max
j≥2

max
x[0,j)∈Z∗

B

P
(

Xj = z, X[0, j) = x[0, j), Sj = ε
)

}

= max
{

tB,zez,ε , max
j≥2

max
x[0,j−1)∈Z∗

B

max
xj−1∈Z

P
(

Xj = z, Yj = ε, Xj−1 = xj−1, X[0, j − 1) = x[0, j − 1), Sj−1 = ε
)

}

= max
{

tB,z , max
z′∈Z

tz′,zez,ε max
j≥1

max
x[0,j)∈Z∗

B

P
(

Xj = z′, X[0, j) = x[0, j), Sj = ε
)

}

= max
{

tB,z , max
z′∈Z

tz′,zδz′,0

}

= max
z′∈Z′∪{B}

tz′,zδz′,0,

� h δB,0 = 1 i \k� δz′,0 = 0 rCykR z ∈ Z\Z ′ Ch VXo z ∈ Z
C<F h \k\�TSoYWxZ

δz,i

= max
j≥1

max
x[0,j)∈Z∗

B

P
(

Xj = z, X[0, j) = x[0, j), Sj = s[1, i]
)

= max
{

tB,zez,s[i,i+dz) · P
(

X0 = x0, S0 = s[1, i − dz]
)

, max
j≥2

max
x[0,j−1)∈Z∗

B

max
z′∈Z

tz′,zez,s[i,i+dz) · P
(

Xj−1 = z′, X[0, j − 1) = x[0, j − 1), Sj−1 = s[1, i − dz]
)

}

= ez,s[i,i+dz) · max
{

tB,zδB,i−dz
,

max
z′∈Z

tz′,z · max
j≥1

max
x[0,j)∈Z∗

B

P
(

Xj = z′, X[0, j) = x[0, j), Sj = s[1, i − dz]
)

}

= ez,s[i,i+dz) · max
{

tB,zδB,i−dz
, max

z′∈Z
tz′,zδz′,i−dz

}

= ez,s[i,i+dz) · max
z′∈Z∪{B}

tz′,zδz′,i−dz

2

� (%^�& -01#- =	& +;: \ A < � -�1 (% ~� - 7�� : (2 u�� (2( - &!/ - � (!�)( -01 @ ����� s[1, l] ����� � ��� 	 : � ���%� � �%$ ���
Σl B 	IH � ����� ��� ' 8 ��� x ∈ Z∗ � ��� lx

��� � � ���%$ �!0�	1� x B
( ���A� � ��,�A� � ������� � � ��� � Q oxZpVXRn~kox� " h TkR j i TkVXos\kWYo i Tk|QV8osZ

δ∗,l := max
x[1,lx]∈Z∗

P
(

X[1, lx] = x[1, lx], Xlx+1 = E, Slx = s[1, l]
) � BgCYXDn �
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) (*pspr: +;: \ ! C � $���+?�
δ∗,l = max

z∈Z
δz,l · tz,E

� BDC V{� �

� (�� ( -6u
h VXo Z∗

B
�kosV9z�VX\kTSV h WsWYV8R c r h �kV�~�V8WYosVX~kosTSVXR � �Q\qTSV�t oxZ h Z h RnZ oYt � ikj Z h \k� B

C*h V8o x0 := B
C

l j TSosWsZ

δ∗,l = max
x∈Z∗

P
(

X[1, lx] = x[1, lx], Xlx+1 = E, Slx = s[1, l]
)

= max
x∈Z∗

P
(

X[1, lx] = x[1, lx], Xlx+1 = E, Slx = s[1, l]
∣

∣X0 = B
)

· P (X0 = B)

= max
x∈Z∗

B

P
(

X[0, lx] = x[0, lx], Xlx+1 = E, Slx = s[1, l]
)

= max
j≥1

max
x[0,j]∈Z∗

B

P
(

X[0, j] = x[0, j], Xj+1 = E, Sj = s[1, l]
)

= max
j≥1

max
x[0,j)∈Z∗

B

max
xj∈Z

txj ,E · P
(

X[0, j) = x[0, j), Sj = s[1, l]
)

= max
z∈Z

tz,E · max
j≥1

max
x[0,j)∈Z∗

B

P
(

X[0, j) = x[0, j), Sj = s[1, l]
)

= max
z∈Z

tz,E · δz,l,

� h P (X1 = x1 |X0 = B) = P (X1 = x1)
i \k� P (X0 = B) = 1

C
|?: 1 " +;: \ & ����� s[1, l] ����� ����� 	 : � ���%� � �%$ ��� Σ+ B
< � � � � ' 8 ��� v := v[1, r] ∈ Zr 8 H � � ���"$���+?�

δvr ,ltvr ,E = δ∗,l
� �&� � BDC V<B �

δvj ,i = evj ,s[i,i+dvj
)δvj−1,i−dvj

tvj−1 ,vj
, ∀j = 1, . . . , r, i = 1, . . . , l

� BDC V{O �
� � � ����� ����� � � : � � ' 8 ��� B
� (�� ( -6u

l oY\ c r h � v ∈ Z∗ o j Z�VXos\ Q osZUVXRU~qox� c r h �
⇔ v ∈ arg max

x∈Z∗

P (X[1, lx] = x[1, lx], Xlx+1 = E |Sr = s[1, l])

⇔ v ∈ arg max
x∈Z∗

P (X[1, lx] = x[1, lx], Xlx+1 = E, Sr = s[1, l])

P (Sr = s[1, l])

⇔ v ∈ arg max
x∈Z∗

P (X[1, lx] = x[1, lx], Xlx+1 = E, Sr = s[1, l])

h VXo�\ i \ v := v[1, r] ∈ Zr VXoY\ c r h �/�kV8R � �Q\qTSV r �qrCyqR[�kVX\��koYV � VX�kos\kT i \kTQVX\ � BDC V<B � i \q�� BDC V%O � VXR rCykWYWxZ j os\k� C)h VXo v0 := B � s0 := ε
C)F h \k\�TSosWsZ

max
x∈Z∗

P
(

X[1, lx] = x[1, lx], Xlx+1 = E, Sr = s[1, l]
)

= δ∗,l
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� 
 ObB

= δvr ,ltvr ,E

= evr ,s[l,l+dvr)δvr−1,l−dvr−1
tvr−1,vr

tvr ,E

= evr ,s[l,l+dvr) ·
(

evr−1,s[l−dvr ,l−dvr+dvr−1
)δvr−2,(l−dvr−dvr−1

)tvr−2,vr−1

)

·tvr−1,vr
tvr ,ECCC

=
0

∏

j=r

evj ,s[l−Dj+1,r,l−Dj+1,r+dvj
)

r−1
∏

j=0

tvj ,vj+1
tvr ,E

= ev0,s[l−D1,r,l−D1,r+dv0
)

r
∏

j=1

evj ,s[l−Dj+1,r,l−Dj+1,r+dvj
)tvj−1 ,vj

tvr ,E

= ev0,s[l−D1,r,l−D1,r+dv0
)P

(

X[1, r] = v[1, r], Sr = s[1, l]
)

tvr ,E
\ h i T (1.23)

=











eB,ε

r
∏

i=1

txi−1,xi
exi,s[D1,i,D1,i+dxi

)tvr ,E, r h WYW j D1,r = l

0, r h WYW j D1,r 6= l.

\ h i T (1.21)

= P
(

Xr+1 = E
∣

∣ Xr = vr

)

P
(

X[1, r] = v[1, r], Sr = s[1, l]
)

= P
(

X[1, r] = v[1, r], Xr+1 = E, Sr = s[1, l]
)

.

⇒ v ∈ arg max
x∈Z∗

P (X[1, lx] = x[1, lx], Xlx+1 = E, Sr = s[1, l]) 2

Q VXR rCPSWYTSV8\ R�oYR>�kosV j VX\ c r h � v � i Rny i | � V8\kTSW C : � � /1� � � � /1���%$ � ��VXRST h WxZpV8\}R�osR h W j P VXos\kVX\Q oxZpVXRn~kox� c r h � �kVXR{��V8PS~ h i T Z i \kT s[1, l] �

� = /0')(% d$!&2'�+;:E3 	 <S��: � � 1  ~: � � - &2' @ ����� s[1, l] ����� � ��� 	 : � ���%� � �%$ ��� Σl B������ v[1, r] �����
� ���	� � : � � ' 8 ��� � �&� Di,r =

∑r

j=i dvj

� i = 1, . . . , r B( ���A�=8 	1+ $�� � ��� � ��� 9 � B�� �
vr ∈ arg max

z∈Z
δz,ltz,E

� BgC V{X �
� �&�

vi = arg max
z∈Z

evi+1,s[l−Di+1,r , l−Di+1,r+dvj+1
)δz,l−Di+1,r

tz,vi+1

= arg max
z∈Z

δz,l−Di+1,r
tz,vi+1

8 H � i = r − 1, . . . , 1 B
�t/6')=) -01 (�p $ u +;: 3�+ < � -01 (* #� - 79�t/0'	=) -�1 (�p $ u @
h VXo:�kVXR � ikj Z h \q� j R hQi t Z = {z1, . . . , zm}

VX\ Z j ykRUV i TkVX\q� �kV8R ��VX�kos\kT i \qT BDCYXgX j PSR ZpoYV8RnZ Ch VXo z0 := B
C2F h \q\ W � jUj Z j o i T �qoYV Q oxZpVXRn~kox� " h TkR j i TkVXos\kWYo i Tk|QV8osZ6t,osZfTkoYWxrCV��kV j rCPSWsTSVX\k�qVX\

� ���	� � : � ��>�+ $%	 �#��� � � ��� ~�V8RUV i Tk\kVX\ �
l RU�XV i TSV � hQj 	aVXWs� δz,i, z ∈ Z ∪ {B}, i = 0, . . . , l

C
� =	 � �< 1#uH1 ( - / �
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	������������	��������������

BgC uw\kosZUo h Wso j oYVXR i \kT �

δB,0 = 1,

δz,0 = 0, ∀z ∈ Z\Z ′,
rCykR j = 1, . . . , m, zj ∈ Z ′ ~�V8RUV i Tq\kV

δzj ,0 = max
zk∈Z′∪{B},k<j

δzk ,0tzk,zj
,

O*C �{V8| i R j oYPS\ �
rCykR i = 1, . . . , l,
rCyqR j = 1, . . . , m ~ VXRnV i Tk\kV

δzj ,i = ezj ,s[i,i+dzj
) max

zk∈Z∪{B},k<j
δzk,i−dzj

tzk,zj

XbC � V8RUt,oY\ h ZpoYPQ\ �
~�V8RUV i Tk\kV

δ∗,l = max
z∈Z

δz,ltz,E

 � � � ���w 1[uH1 ( - / � � ~ h i |}ZUR h i |}os\kT �

BgC ��VXTQoY\k\ �
~ VXRnV i Tk\qV

vr = arg max
z∈Z

δz,ltz,E

O*C �{V8| i R j oYPS\ �

rCyqR i = r − 1, . . . , 1, Di+1,r =

r
∑

j=i+1

dvj
, ~ VXRUV i Tk\kV

vi = arg max
z∈Z

δz,l−Di+1,r
tz,vi+1

� (*pr(% #��$!&!'�+;: 3 \ uwt Q osZUVXRn~kox� �9WYTQPSRUoxZ9Tkt iqj R�osRU� �HR�oYV ost Q PSR R ��RnZ j �w��WYTSPSRnosZfTkt ikj � hQi r �
TQR i \k� �qVXR h PSRnZUoYVXR i \kT	�qVXR � ikj Z��Q\q�kV>�kV j � ikj Z h \k� j R hQi t j Z VX\ Z j ykRUV i TkVX\k� o TkRnVXR �{V8ox�
TqVX\qrCPSWsTSV oYt ZpPDy PSWsPSTSo j i T j PSR ZposVXRnZUVX\ h i ~ � � ikj Z h \k� j TSR h y<TkV8\ G′ � rCykR h WsWYV i ≥ 0 \ i R h�i r~ VXRnVXoxZ j ~�V8RUV i Tk\kV8ZUV Q h RUo h ~kWYV8\ δz,i

� i TQVXTSRno 
�VX\ C � �gTkVXRnV j � h � i�j oYVHTkV ��VXt,VXRn| i \kT BgCPODO*C
� =	/0'	(% ~$!&!'�+ :E3)3 < ) :_$
% "{( -01 @ ����� s[1, l] ����� � � � 	 : � ���%� � �%$ � � � � ���%$ � l � �&� m ��� � >�� �
9 � �%+ ��+�+ � �&� ��� �����&� ����� Z B ( ���A�"+ � � � ��� � � ��� � ��� ��+?� ��� � �����	� � : � �1� ���#� � : + ��� � ��� � � ���	� � : � �
��� � � � ��� �����A+?� ����/ ����� � �&� ����� �����	� � : � � ' 8 ��� � � � � � 	 : � ���%� � �%$ s[1, l] � ��� �%��+ 8 ��� � � ����� � � : � �
>�+ $%	 �#��� � � ��� ����� ����� O(m2l) : � �������%� ���DB
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 VXos\kVXR ��VXPQ~ h i T Z i \qT VXos\kTSV rCy<TkRnZ C F oYV j o j Z,VXos\kV 	aPSWYTSV
OSPS\ l WYVXt,VX\ ZUVX\GoYt l t,o jnj oYPQ\ jph WEy<T h ~ V8Z Σ

C � V8ZpR h i T ZpV8\ R�oYR�\ i \ h W j l t,o jUj oYPS\ jph WEy<T h �
~�V Z�� hQj ��t os\kP j � i RUV �w�9WEy<T h ~ V8ZX�L� hQj{h W j l WsVXt,VX\ ZpV h WsWYV Og� �9t,oY\kP j � i RnVX\tT h Z��kP �kVXR[� hQj
� i |}WsVXPQZUoY�L� �9W ywT h ~ V8Z��}�kV jUj VX\ l WYVXt,VX\ ZUV9�kosV�O oYV8R � i | WsVXPQZUoY�kV A

� �[�kVX\kos\ � � C ��� �}ZpP j oY\ � �
G
� l iah \qoY\ � i \k� T

� � T � t os\ � j os\k� � j P,| m \k\kVX\�R�oYR � V8�kV c RnPQZpV8oY\L�7~q�HR C	F�� ��� h V � i VX\k�
h W j V8oY\kV � VXPS~ h i T}Z i \kT s[1, l] os\ Σl hQi 
 hQjUj VX\ C l j VXo�� h ~�V8o��koYV � �Q\kTQV �qVXR h V � i VX\k� C
" oYR \kVHTkt,VX\ h \ �`R�oYR�T h ~�V8\ V8oY\kV 	 h t,oYWYosV,OQPS\ h V�� i VX\q�XVX\ S := {S1, . . . , SK} TSVXTSV �~�V8\ � � C � VXos\kV c RUPQZUVXoY\Lr h t osWYosV,P �kV8R VXos\ h i ~qZ	�*y V8oY\kV8R ~�V j ZUoYt,t�ZpV8\ Q oYR ikj TQR i y<y VQ� i \k�
t m i T ZpV8\	rCykR&VXos\kV h V � i VX\k� s[1, l]

� >�� 8 � � $ � � ��� � ���%9 � R�o jUj VX\ � R�oYV �gTq\kWYo i T j osV � i �kosV j VXR
	 h t osWYosV�o j Z ~k�HR C PS~ j oYV�z�oxZpTSWsoYV8�,�qVXR h V�� i V8\k�8r h t,oYWsoYV[o j Z C%l os\kV�VXoY\Lr h i TkV9z�V8ZfTkPL�qV�� h rCykR
o j Z��I�koYV 5 Tk\qWYo i Tq|QVXoxZ9�qVXR h V�� i VX\q� s � i� VX�qVXR&V8oY\k�8VXWY\qVX\ h V�� i VX\q� Si ∈ S t,osZ9TqoYWsrCV6V8oY\kV j
� � ����� ��� � ���">�+?�@$�� � ���A� � � j oYVHTkV �9\<T h \kT � � i ~ V j Zpost t,VX\ C)F h � i R i T	| m \q\kVX\ � V8�kP i T	\ i R
j V8WsZpV8\ VX\ ZUrCV8RU\ ZpV Q VXRSR h \k�LZ j i T h rNZpV8\�� R�o j i TqVX\/�kVXR �9\qrCR h TSV j V�� i V8\k� i \k� �kV8R h V � i VX\k� r h �
t osWYosV�rCV j ZpTSV j ZpV8WYWxZKR VXRn�kVX\ C � i i TrR�V8RU�kV8\ oY\ VXos\kVXt�y hQh RSR VXo j VX\ �9WsoYTS\kt,VX\ Z ~ V j ZUoYt,t�ZpV
|QPS\ j VXR O oYVXR ZpV�z ikj ZpVXR{~k� R C z�VXRU|}t h WYV os\k\kVXRST h Ws~ �kVXR�	 h t,oYWYosV�\qo i T Z9P �kV8R[\ i R�| hQi tv~�V �
RUy i | j o i T ZposTQZ C F oYV j o j Z � VX�kP i T4t oxZ9TkosWsrCV&V8oY\kV j � � +?��� �&+ ��� ����� � ���%9 ��+?�@$�� � ���A� � � - � > � �kV8R
	 h t osWYosV t m TQWYo i T C l V TkV8\ R�oYR�� h OQPS\ hQikj �$� hQjnj R�oYR V8oY\ /�	 � ��� /1� � � z h � �kVXR h V�� i VX\q� �
r h t,oYWYosV&TSV8TSVX~ VX\ T h ~�V8\ � � h \k\	W hQjUj VX\ j o i T h \<T h \q�	�kVXR h y h WxZpV8\ �kV j z h �1|QPS\ j VXR OLosVXR ZpV
c P j osZUoYPS\kV8\>~k� R C ��V8RUVXo i TkV6�kV8R h V � i VX\k�8VX\ j V TqR[T i Z�OQPS\ ��VXTSosPS\kVX\ T m TkV8RUVXR Q h RUo h ~koYWsosZp��Z
i \ ZpV8R j i TqVXoY�qVX\ C

� = 1 : 1[- =	& \ :6+ h V8o�� − ��� hQj � V8o i TkV8\�rCykR6V8oY\kV � y i |�V � VX\kTQW C $ ��� � oY\4V8oY\kV8t t i WxZpoEykWYV8\h V�� i V8\k� h WYoYTQ\kt V8\ Z C%F h \q\ ~ V j i TkRUV8oY~ VX\ R�oYR�VXos\�TSVXTSV8~�V8\kV j t i WxZpoEykWYV j h V � i VX\k� h WYosTS\kt,VX\ Z
�kVXR�	 h t,oYWsoYV S = {S1, . . . , SK} t,osZ

A := (ak,j)1≤k≤K,1≤j≤N , ak,j ∈ Σ ∪ {−}.
� ObC B �

�9WsoYTS\kosVXRnVX\ R�osR��koYV ��\qrCR h TSV j V�� i VX\q��� i �kosV j VXt z h ���S| m \k\kV8\zR�oYR:VXRU|�VX\k\qVX\ �%R�V8W i TkV��kV8R
|QPS\ j VXR O oYVXR ZpV8\Gz�VXRn| t h WsV,�qVXR h V�� i V8\k�8r h t,oYWsoYV os\ �kV8R ��\qrCR h TSV j V�� i VX\q�>VX\ Z9T h WsZUVX\ j oY\k�E�
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i \k��� h � i R i T o TqRUV 5 Tq\kWYo i Tk|QV8osZ�� i R h V�� i VX\q�8r h t,oYWsoYV&~ V j ZpoYt,t,VX\ C
5jTk\kWso i T'� i VXos\kVXtey hSh RSR VXo j V8\>�9WsoYTS\kt,VX\ ZX� t ikjUj rCykR �koYV j V j �9WsoYTS\kt,VX\ Z7�kosV&z m TSWYo i Tk|QV8osZ
TQVXTSV8~�V8\ j V8oY\ �}V8oY\ h � t ~�PQW �qVXR �9\qrCR h TSV j V�� i V8\k�9� i VXos\kVXR h y h WsZpV��kV j z h � � i h WsoYTS\kosVXRnVX\
� -����	��� � i \k� VXoY\qV � y i |�V	oY\G� hQj z h � � ��� � � �#���.	1� V8oY\kV j h �Lt�~�PSW j os\ s

� ~k�HR C oY\ �koYV
��\qrCR h TSV j V�� i VX\q��VXos\k� i rCykTSVX\ � ( ��+ �����.	1��VXoY\qVXR h y h WxZpV6�kV j z h � � C
uwt z h � | h \k\�V j�� VX�kP i T h y h WxZpVX\�t,osZ j V TqR7O osVXWYV8\ � y i |QVX\'TSVX~ VX\ C%F oYV[oY\��kosV j VX\ h y h WxZpVX\
h�i rNZpRnV8ZpV8\k�kV8\ h � t ~ PSWsV&~�V ZpR h i T ZpVX\ R�oYR j VXWs~ j Z h W j uw\ j VXR ZpoYPQ\kVX\ i \k� j i TkWYosV jUj VX\��koYV6z m T��
Wso i Tk|�VXoxZ VXos\kV j z h Z i TkV j �kVXR ��\qrCR h TQV j V � i VX\k�/� i �qoYV j VX\ h y h WsZpV8\ hQikj C`F C T C VXos\)z h Z i T
o j Z � VHR VXosW j \ i R�� i V8oY\kV8R h y h WsZUV �kV j z h �1t m TSWYo i T �a�kVXRnVX\	��\k� h TkW h \ � � ���%� � � ��� � V8oY\kV
~ V j Zpost t�ZUV hbi TkR h \k|�V�yk~ VXR j i TkRnVXosZUV8Z C?h PSW i T/VXos\kV h y h WsZpV6\qVX\k\kV8\ R�osR 
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|~aj| := #{ak,j | ak,j 6= � − � , 1 ≤ k ≤ K}, ∀j = 1, . . . , N.
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�kV j z h ��VXRnW hQi ~LZ C 	:ykR �kosV j VX\ � ikj Z h \k� j oY\k��R�osV9rCykR h WsWYV h \k�kV8RUV8\�uw\ j VXR Zn� � ikj Zp�Q\k�kV6�kV8Rm ~ VXRnT h \kT�� i�j o i T j VXWY~ j Z i \k��� i �qVXt z h Z i TL� � ikj Z h \k� t m TSWso i T ���kVXR �kV8R V8R j ZpVX\  �PS\ �
j V8\ jUikjnj y h WsZpV oY\ A � i TSVXPSRn�k\kV Z�o j Z Cl oY\ F V8WYV ZpV � � ikj Z h \k� Dj

VXRnW hQi ~LZ�� h�j � m j i TkV8\ �kVXR h y h WxZpV j
C�l R�o j Z ost l V8TSVX\ jUh Zp�'� i

VXos\kVXt z h Z i TL�$~k� R C uw\ j V8RnZn� � ikj Z h \k�,VXos\ j Z i t,t,VXR � ikj Z h \k� � BgCY� � �S� C T C VXR�V8t oxZUZposVXR Z�|QV8oY\h � t ~ PSW��kV j l t,o jUj oYPS\ jph WEy<T h ~ V8Z j Ch VXo i < j �koYV �kV8R� {PS\ j V8\ jUiqjUj y h WsZUV j OSPQRfTkV8RUTSVHTkVX\k�qV  �PS\ j VX\ jUikjnj y h WxZpV os\ A i \q� k �qoYV\a� i T j ZpV hQi r j rCPSWsTSVX\q�kV, �PS\ j VX\ jUikjnj y h WxZpV CgF h \k\ W hQjUj VX\MR�oYRErCyqR � V8�kVX\ F V8WYV8ZUV � � ikj Z h \k� Dj�kVX\ m ~�V8RUT h \qT&OSPS\ Mi
\ h i T Dj

i \k� OSPQ\ Dj
\ h i T Mk

� i � j P � hQjUj ost z h � �koYV h y h WxZpV jyk~ VXR j ykR i \kTSVX\�R VXRn�kVX\ | h \q\>PDTk\kV�VXos\ h � t ~ PSWI� i V8t oxZUZUoYVXRnVX\ C*F osV j o j Z�TSWsVXo i T ~ VX�qV i ZUVX\k�
� h t,osZX� h \ �kosV j VXR c P j osZUoYPS\ oY\4�kV8R6�9\qrCR h TSV j V�� i V8\k� V8oY\kV � y i |QV,VXoY\q� i rCykTQVX\ C2� iqj ��ZU�XWYo i T
� h � i j os\k� m ~�V8RUT ��\kTSV �HR�o j i TkVX\4� R�V8o � V R�V8oYW j9hQi rCVXoY\ h \k�kV8RnrCPSWsTSVX\k�qVX\ F VXWsV8ZpV � � ikj Z��Q\q�kVX\
Dj
i \q� Dk

t m TSWYo i T � j P � hQjUj t,osZfTkoYWxrCV[VXos\kVXR W h \kTQVX\ 	aPSWsTSV{OQPS\ F V8WYV8ZUV � � ikj Zp�Q\k�kV8\ j PST h R
TSR m jUj V8RUV'��VXRnVXo i TqV>�kV j z h �-yk~�V8R j ykR i \qTSVX\sR VXRn�kVX\)| m \k\kVX\ C`F osV j o j Z \kPQZ R VX\q�koYT r h WYW j
VXos\kV ~ V j Zpost t�ZUV �{V8TSoYPS\E��~�V8o j yqoYVXW j R VXo j V,VXoY\qV c RnPQZpV8oY\k�kPQt'�Q\qVQ� oY\��kVXR �9\LrCR h TSV j V � i VX\k�
rCV TkWxZ��k�qoYV6oY\/�kV8R h V�� i V8\k�8r h t,oYWsoYV9OQPSRfT h \k�kV8\ o j Z C
" oYV,oY\ I z	z l � c W h \ N B N C �
VXos\kVXt �kV8R h t Tk� i GaT j ZpV8\ OSV8RSR VX\k�kV ZpV8\ c RUPQTSR h t,t,V rCykR
c RUPgGaW � I z	z j � j i TqWYoYV jUj VX\ R�osR m ~�V8RUT �Q\qTSV�� R�o j i TkVX\ uw\ j VXR Zn� i \k� F V8WYV8ZUV � � ikj Zp�Q\k�kV8\ hQikj C
� (%^�& -01#- =	& \ : v < $ $ uH1 :_& 5!u  #:_$!pE@ ����� � � � - � > A � � B&����$ �.$ � : ���DB ����� IB

� � � �#� � � ��� �
� ��� � ���&� � � � ��� � � �#���.	1� ��� 0�	 � � � � � � � � ����
 	1� � ��� ����� � � ��+?�	�!� � � - � > � �#+ � � : � B
�"� � � ��,�A� � ����� � ��� � ��� � ���&� � ��� � �

Z :=
{

Mj, Ij, Dj

∣

∣ |~aj| ≥ c · K, j = 1, . . . , N
}

∪
{

IB

}

,
� ObC V �

��+ � ��� � - ���%$ � ��+�+ � ��-����	��� � � �#� � � ��� � � �&�'( ��+ ���	� � � ��� �����&� � � ��� � ����� � �&
 	1� � ��� ����� � � ��+?�	�
� � >�+?�@$�� � ���A� A 9 � $ � 	 � ��� ��� � ���&�� � �&� � � � � ��� �����&� � IB

B
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� =	/0'	(% ~$!&!' \ : � ( � � - ���%$ � Z ′ ��+�+ � � � � � ��� ��� � ��� �����&� � ��� Z � � � ��� � - ���%$ � ��+�+ � �
( ��+ ��� � � � ��� � ���&� � ��� Z � � � ��� � � � � � � � �.$ ��� � ��� 9 9 � � ��� - ���	��� � � �&� �#� � � �#� � � ��� � ���&� ��� �
/ ����� � � � : 	1+ � ��� Σ � � ������� � �����DG

Z ′ =
{

Dj

∣

∣ |aj| ≥ c · K, j = 1, . . . , N
}

.
� ObCY� �

� iqj ��ZU�XWYo i T�� i �kVX\ z h Z i T ��� uw\ j V8RnZn� i \k� F V8WYV ZpV � � ikj Zp�Q\k�kV8\�rCy<TkRnVX\ R�osR!R�osV rCykR
VXos\ I z	z
V8oY\kV8\ j Z i t t,VX\ h Z h R Zn� � B � i \k�)VXos\kVX\ j Z i t,t,VX\ l \k�L� � ikj Z h \k� � E � V8oY\ C2Q PSt h Z h RnZn�� iqj Z h \k� B j oY\k��\ i R m ~ VXRnT �Q\kTSV[� i t uw\ j VXR Zn� � iqj Z h \k� IB

i \k� � i t z h Z i TL� i \k� F V8WYV ZpV �� iqj Z h \k� �kV8R�VXR j ZUVX\  �PQ\ j V8\ jUikjnj y h WsZpV �qV j z h �v� i TSVXW hQjUj VX\ C�m ~ VXRUTS�Q\kTSV oY\ �qVX\ l \k�L�� iqj Z h \k� E j oY\k� \ i R$OSPS\ �kV8\ �kRUV8oL�qVXR WsV8Zp� ZpV8\  �PS\ j VX\ jnikjUj y h WxZpV[�kV j z h � � i TSV8PSRU�k\qV8ZpV8\� iqj Z���\k�kVX\ t m TSWso i T C uw\ �9~q~koYWs� i \kT ObCEB o j Z h W j ��VXo j ykosVXW:�qVXR&TSV8RUo i T}ZUV8ZUV � ikj Z h \k� j TSR h ywT
V8oY\kV j z h � t oxZ n  �PS\ j VX\ jUikjnj y h WxZpV8\ TSV8TSVX~ VX\ C

� ({^�& -�1#- = & \ : �A< |�q!:_/ 1 (�( - &2( u $ $ uH1 :_& 5!u @ ����� Z+ := Z ∪ {B, E} B ( ���A� � ��,�A� � �#�

col : Z+ → {0, . . . , N + 1}
� ObC � �

z 7→ col(z).

��� � 
 	1� � ��� ����� � � ��+?�	� ��� A � � � �=� � � � ��� � ���&� z 9 � $ � 	 � ��� ��� � � ��B
� � � � ��,�A� � ����� col(B) := 0 � col(IB) := 0 � �&� col(E) := N + 1 B
� ({^�& -�1#- = & \ :�AE<�����q�( - &!( u $ $ uH1 :_& 5 ( u @ ����� Z+ := Z ∪ {B, E} B ( ���A� � ��,�A� � �#�

typ : Z+ → {B, M, I, D, E}
� ObCYN �

z 7→ typ(z).

� ��� � �by ����� � � � ��� � ���&� � B
� ({^�& -�1#- = & \ : ! ����� � � � >�+?�@$�� � ���A� A $ �.$ � : ���DB ����� col(z) ��� � � � ��+?�	�(��� A ��� � � � � �� ��� � ���&� z ∈ Z+ 9 � $ � 	 � ��� ��� � � ��B ( ���A� � ��,�A� � ����� � � �,8 	1+ $ ���&� � � � ��� � �%$ � ����+ �����.	1� ≺A� � 8 � � ��- ���%$ � ��+�+ � � � ��� �����&� � Z+ G
	 H � zk, zl ∈ Z+ $ ��+?� �

zk ≺A zl :⇐⇒ col(zk) < col(zl)
� ObC Z �

) (*pspr: \ : & ( � ��6 ��+ �����.	1� ≺A
� ��,�A� � ��� ����� � j ZURUVX\qTSV I9h Ws~�PSRn�k\ i \kT � � 8 Z+ B

� (�� ( -6u
uwRnRUV��aV �LosO oxZ���Z�� col(zk) < col(zk)

o j Z[rCykR�|QVXos\ zk ∈ Z+ V8RnrCykWsWsZ C
� R h \ j oxZposO oxZ���Z�� h VXo zk, zi, zl ∈ Z+ t oxZ zk ≺A zi, zi ≺A zl

⇒ col(zk) < col(zi), col(zi) < col(zl) ⇒ col(zk) < col(zl) ⇒ zk ≺A zl. 2
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� (%^�& -01#- =	& \ :6+
	 < ]  ~=_^�/�794 -65!5 (*&�7�8;:< #�)=b>?798;= 5 (b/6/ @
����� Z+ := Z ∪ {B, E} B ����� ��� � � : � ��$ ���%$ � � ��� ���"! T = (tzk ,zl

)zk,zl∈Z+
� ��,�A� � �#� � � � ���

� � B�� � � �&� ��� � C � � � � �.	1� � � ��� �#�"! E = (ezk,σj
)zk∈Z+,σj∈Σ+

� � � ����� � B���� B
C ��� c RUPdGaWx� I oY�q�kVX\L��z h Rn|QPcO � z�P �kVXWsW � c RnPgGaWx� I z	z ��� � � ����� � - - � ��� ' ������� ���	� �#� M =
(Σ+, Z+, T , E) � � ��� 8 	1+ $ ���&� ��� 9 ��� ��� 9�+?� ��� ��� � � �����%$ � �%$ ���

tzk ,E = 0, 8 ��+�+ � ∃zi ∈ Z � ��� (zk ≺A zi) ∧ (typ(zi) = typ(zk)),
� ObC n �

tzk,zl
= 0, 8 ��+�+ �































(zl ≺A zk)	�� � � (zk ≺A zl) ∧ (typ(zl) = I)
	�� � � (typ(zk) = I) ∧ (typ(zl) = D)
	�� � � (typ(zk) = D) ∧ (typ(zl) = I)
	�� � � (col(zk) = col(zl)) ∧ (typ(zl) ∈ {M, D})
	�� � � ∃zi ∈ Z : (zk ≺A zi ≺A zl) ∧ (typ(zi) = typ(zl)),

� O*CEB[� �

8 H � ��+�+ � zk, zl ∈ Z B
l oY\ c RUPgGaW � I z	z VXRU�8V i T�Z h W j P R�osV V8oY\ I z z V8oY\kV ~ VXPS~ h i T}ZU~ h RnV h V�� i VX\q�
Sr := Y1Y2 . . . Yr

t,osZ l WsVXt,VX\ ZpV8\ os\ Σ � i \k�,VXos\kVX\�o TqR�� i TSR i \k�kV8WYosVXTSV8\k�kVX\E�SOSVXRn~�PQRUTSV8\kVX\c r h � X[1, r]
C

� (*pr(% ~��$�&2' \ :6+)+ ��V8ZUR h i T ZpV8\KR�osR �kV8\ � ikj Z h \q� j TSR h y<TkV8\ G VXos\kV j2c RnPgGaWx� I z	z j � �9~q~ CObC B � � � h \k\ j VHTkVX\ R�oYR8�E� hQjnj VXoY\ c RUPdGaWx� I z	z V8oY\ j ZURUVX\qT/OQPSRSR��QR Z j TSVXRno i T ZpV ZpV8R c RnPS�XV jUj
OSPS\�WYos\k| j \ h i T RnV i T Z j � i R i T G o j Z C)F h � i R i T ��� hQjUj m ~ VXRnT �Q\kTQV os\�V8oY\kV8\ j Z i t,t,VX\ � i �j Z h \k��OQPS\ Z �a� C T C os\�V8oY\kV8\ F V8WYV8ZUV � � ikj Z h \k� �I\ i R hQikj � ikj Zp�Q\k�kV8\ TkVXR hQikj VXRnW hQi ~LZ j oY\k�E��koYV��kV8R � V R�V8oYW j �kosRUV8|}Z OSPQRfTkV8RUTSVHTkVX\k�qVX\  �PQ\ j V8\ jUikjnj y h WsZpV'�kV j �9WYosTS\kt,VX\ Z j � i TSV8PSRU�k\qV8Z
j os\k� �
| m \k\qVX\ R�oYR �koYV � ikj Zp�Q\k�kV'oY\ Z VX\ Z j ykRUV i TkVX\k�G�kV8R  �PS\ j VX\ jUikjnj y h WxZpV8\ j PSRnZUoYV8RUVX\E�
i \k��VXRST h WsZUVX\ j P,VXos\kV6ZpPDy PSWsPSTSo j i TkV h PQRnZposVXR i \kT��kV j h i ~L� � ikj Z h \q� j TSR h y<TkV8\ C
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�9~k~qoYWY� i \kT ObC B � F V8R � ikj Z h \k� j TSR h ywT V8oY\kV j ' �)	*,+ � � -�- � rCykR VXos\Gt i WsZUo ykWsV j h V�� i VX\q� �
h WYosTS\kt,VX\ Z t,osZ n  �PQ\ j V8\ jUikjnj y h WsZpV8\ C F oYV/�9R i TkosZUVX| Z i R V8\ j ykRno i T Z �kVXR�OSPS\ B BDB�C VXos\kTSV �
rCy<TkR ZpVX\ �9R i TkosZUVX| Z i R�VXos\kV j c RUPgGkWx� I z	z j C�� ikh �kR h ZpV |QV8\k\k�XV8o i Tk\qVX\ z h Z i TL� � iqj Z���\k�kV
M � � hQi ZpVX\,uw\ j VXRnZ � � ikj Z��Q\q�kV I i \k�  6RUV8o j V � � � ��� � � ikj Z��Q\q�kVQ�}� C T C �kVX\ h Z h R Zn� � ikj Z h \k�
B �a�kV8\ l \k�L� � ikj Z h \k� E i \k� F VXWYV ZpV � � ikj Z��Q\k�qV D

C z m TSWso i TkV m ~�V8RUT �Q\qTSV �HR�o j i TkVX\ �kVX\� ikj Zp�Q\k�kV8\ j oY\k��� i R i T c rCV8oYWYV6t h Rn| osVXR Z C



OdZ � � � ��� 	 � ���������
	�����$� ��� 	��������������

� ��� � "10����10 � % + �*� ) ��� �!��0�� � + � 8 	�"103�9���� �*%

F h V8oY\ c RnPgGaWx� I z	z V8oY\ I z	z o j ZX�q� h�j VXoY\qoYTSV�� ikj ��Zp�8WYo i TqV ��VX�kos\kT i \qTSVX\ ~ VX�8ykTSWYo i T �kVXRl t,o jnj oYPQ\ j � i \q� m ~ VXRnT h \kT j R h TkR j i TkVXos\kWYo i Tk|QV8osZpV8\>VXR rCykWYWsVX\,t ikjnj �}W hQjnj V8\ j o i T h WsWYV[os\  h �
yqosZpV8W B rCykR I z	z j V8oY\kTSV rCy<TkR ZpVX\�� VX�XV8o i Tk\ i \qTSVX\ � F VHGa\qosZposPS\kV8\ i \k� h � Zp�XV hQi rIVXos\ c RUPgGkWx�
I z	z yk~�V8RnZUR h TSV8\ C " oYR�| m \k\qVX\ h W j P t,osZfTkoYWxrCV��qV j Q PSRSR��QRnZ j � �9WYTQPSRUoxZ9Tkt iqj � ��WYTSP C?BDCYObB �
�qoYV " h TkR j i TkVXos\kWYo i Tk|QV8osZ ~�V8RUV i Tk\kVX\E�qVXos\kV��9\qrCR h TSV j V�� i V8\k� s[1, l] � i R i T>V8oY\ c RnPgGaW � I z z� i VXRU�8V i TQVX\ � i \k�/t,osZ��kVXt Q osZUVXRU~qox�w��WYTSPQRUosZfTkt ikj � �9WYTQP C BgCYXwB � VXos\kVX\/�kV8R[o TkR h t R h TkR �
j i TkVXos\kWYo i T j ZUVX\�� i TQR i \k�qVXWYosVXTSV8\k�kV8\ c r h �kV��a� C T C VXoY\qVX\ � ���	� � : � � ' 8 ���Q�q~�V j Zpost t,VX\ C_F h ~ VXo
t ikjUj h WYWsVXRn�koY\kT j rCPSWYTQVX\k�kV j c RnPS~kWsVXt ~ VXRny i | j o i T ZUoYTQZ R VXRU�qVX\ � u j Z �koYV h V�� i VX\q� s[1, l] j VHTkRW h \kTk�!R h�j ~�V8o F�� ��� ~k�HR C ��t os\kP j � i RUV � h V � i VX\k�8VX\ j V TqR�Ta� i GaT �kV8R 	 h WYW o j ZX�:t y jUj V8\
ost Q PSRSR��QRnZ j � i \k� Q oxZpVXRn~kox� �9WsTSPSRUoxZ9Tkt ikj VX\ Z j ykRUV i TkVX\q� O oYV8WYV'u ZUVXR h ZposPS\kVX\ � i R i TkW hQi rCV8\
R VXRn�kVX\ C�F h �qoYV l t,o jnj osPS\ j � i \q� m ~ VXRnT h \kT j R h TkR j i TkVXos\kWYo i Tk|QV8osZpV8\4VXos\kV j c RnPgGaW � I z z j �
h ~<Ta�Q\kTQoYT6OSPSt TSVXTSV8~�V8\kVX\>z h � A � j V TkR7|}WYV8oY\ j V8oY\,| m \k\qVX\ �}| h \k\,V j � i R i T'�kosV Q oYV8WY� h TkWOQPS\ z i WsZUo ykWsoY| h ZposPS\kV8\	oY\ �kV8R ��VX| i R j oYPQ\ y h�jUj osVXRnVX\ � � hQjnj �kosV Q PSRSR��QRnZ j ��~k� R C2Q osZUVXRU~qox�Q h RUo h ~kWYV8\ j P{|}WYVXos\kV�" VXR ZpV h \k\kVHTkt,VX\ �c� h�jUj�j osV�t oxZ��kV8t�oYt c RUPSTSR h t,t � i R h y�V8o i TkV8R i \qT
�qoYV j VXR�" V8RnZUV{OQVXRSR VX\q�kV8ZUVX\ F h ZUVX\ Z	�*y \ko i T Z t VHTkR � h R j ZpVXWsWY~ h R j oY\q� i \k� TSWYV8o i T 0 TSV j V8Zp� ZR VXRn�kVX\ CF oYV j V j c RUPS~qWYVXt | h \k\�OQVXRUt,oYV8�kVX\;R VXRn�kVX\ �6os\k�kV8t �kV8R Q PSRSR��QR Z j � i \k���kVXR Q osZUVXRU~qox�
��WYTSPQRUosZfTkt ikj � V R�V8oYW j rCykR �koYV{WYPQT�� ZUR h \ j rCPSRUt,oYV8RnZUVX\ " VXRnZUV9� i R i TkTSV rCy<TkR Z R�oYRn� CbF VXR � PQT h �
RnosZfTkt ikj VXos\kV j c RnPL� i | Z j � R�V8oYVXR�" V8RnZUV o j Z9TSWsVXo i T �kV8R h i t,t,V �kV8R � PST h RUosZfTkt,VX\��koYV j VXR
~ VXos�kVX\ " VXRnZUVQ� R PL� i R i T os\)�kVXR,VX\ Z j ykRUV i TkVX\q�kVX\ ��VX| i R j oYPS\G�[�k�koxZposPS\kVX\ j Z h ZnZ>z i WsZUox�
yqWYoY| h ZUoYPS\qVX\ h�i rNZpRnV8ZpV8\ � i \q� j PSt,osZ � hQj PS~ VX\ ~ V j i TqRUoYV8~�V8\kV c RUPS~kWsVXt rCykR �kV8\ Q osZUVXRU~qox�
��WYTSPQRUosZfTkt ikj TQVXW m j Z�o j Z C " oYV t h \ h \<T h \k�	�kV8R ��VX| i R j osPS\ rCykR{�koYV Q PSR R �QR Z j � Q h Rno h ~kWsVX\
os\ � V8t t h ObC B[X j VHTkVX\ | h \k\ ��o j Z6�kosV j � VX�qP i T rCykR6�kV8\ Q PSR R ��RnZ j �w��WYTSPSRnosZfTkt ikj � h � i R i T
\qP i T4\ko i T Z6TSVXW m j Z C?F oYV j R�oYRU� �koYRnVX| Z&\ h i T��qVXt���VHR VXo j �kV j � V8t t hQj O*CEB[X TSVX\ h�i VXR&V8R �
|}WY�QRnZ C
� ({^�& -�1#- = & \ : + \ ����� s[1, l] ����� � ����� � ���%9 ��� Σl B ����� ��� αz,i

: 9��B δz,i
� z ∈ Z � i = 0, . . . , l

��� � ����� � B&��� � � �&� � � B�� ���(� ��,�A� � �#� ��� �&	 ������#� � � : 9��B � ���	� � : � �1� ���#� � : + ���DB
� � � � ��,�A� � �����=8 H � ��+�+ � z ∈ Z � �&� 8 H � ��+�+ � i = 0, . . . , l

α̃z,i := log(αz,i),

α̃∗,l := log(α∗,l),

δ̃z,i := log(δz,i),

δ̃∗,l := log(δ∗,l).

α̃∗,l
: 9��B δ̃∗,l

� ���A� ��� � � �!� ����WYPQT�� Q PSR R ��RnZ j � hbi PSRUV : 9��B � ��� WYPQT�� Q osZpV8RU~ko � hbi PSRUV B
) (*pspr: \ :6+b3 C � $���+?�

α̃z,0 =







−∞ , ∀z ∈ Z\Z ′,

log
(

∑

z′∈Z′∪{B}

exp
(

α̃z′,0 + log(tz′,z)
)

)

, ∀z′ ∈ Z ′,
� ObC BDB �



� ���  � ������� � 
 	 ��� �  �	� ��� ��� 	 � � �����$�	� ��
 � 
 Ogn

α̃z,i = log(ez,s[i,i+dz) + log
(

∑

z′∈Z∪{B}

exp
(

α̃z′,i−dz
+ log(tz′,z)

)

)

,
� O*CEB#O �

δ̃z,0 =

{

−∞ , ∀z ∈ Z\Z ′,

max
z′∈Z′∪{B}

(

δ̃z′,0 + log(tz′,z)
)

, ∀z′ ∈ Z ′,
� O*CEB[X �

δ̃z,i = log(ez,s[i,i+dz) + max
z′∈Z∪{B}

(

δ̃z′,i−dz
) + log(tz′,z)

)

,
� O*CEBWV �

i = 1, . . . , l B
� (�� ( - u

α̃z,0 = log(αz,0)

=







0 , ∀z ∈ Z\Z ′,

log
(

∑

z′∈Z′∪{B}

αz′,0tz′,z

)

, r h WsW j z ∈ Z ′,

=







−∞ , ∀z ∈ Z\Z ′,

log
(

∑

z′∈Z′∪{B}

exp
(

log(αz′,0tz′,z)
)

)

, ∀z′ ∈ Z ′,

=







−∞ , ∀z ∈ Z\Z ′,

log
(

∑

z′∈Z′∪{B}

exp
(

α̃z′,0 + log(tz′,z)
)

)

, ∀z′ ∈ Z ′,

δ̃z,0 = log(δz,0)

=

{

0 , ∀z ∈ Z\Z ′,

log
(

max
z′∈Z′∪{B}

δz′,0tz′,z

)

, r h WYW j z ∈ Z ′,

=

{

−∞ , ∀z ∈ Z\Z ′,
max

z′∈Z′∪{B}
log(δz′,0tz′,z) , r h WYW j z ∈ Z ′,

=

{

−∞ , ∀z ∈ Z\Z ′,

max
z′∈Z′∪{B}

(

δ̃z′,0 + log(tz′,z)
)

, ∀z′ ∈ Z ′,

	:ykR α̃z,i
i \k� δ̃z,i

� i = 1, . . . , l R�osRU�/�kosV j{h \ h WsPST ~ VHR�oYV j V8\ C 2

F i R i T � hQj � PQT h RUoxZ9Tkt,oYV8RUV8\)OQPS\ " h TkR j i TkV8oY\kWso i Tk|�VXosZUVX\ V8RfT h WsZpV8\ R�osR,\qVXT h ZUosOQV " VXRnZUV
rCykR7�koYV Q h Rno h ~qWYVX\ α̃z,i

i \k� δ̃z,i

C ��V ZpR h i T}ZUVX\ R�osR�\ i \'�kosV Q PSRSR��QRnZ j �	�{V8| i R j osPS\ � ObC B#O � � j P
j osV T Z{t h \E�k� hQjnj � i R i T��koYV � VXRnt V

exp
(

α̃z′,i−dz
+ log(tz′,z)

) ~k�HR C log
(

∑

z′∈Z∪{B}

exp
(

α̃z′,i−dz
+ log(tz′,z)

)

)
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V8~�V8\qr h WsW j " V8RnZpV�VXRST h WsZUVX\ R VXRn�kVX\ | m \k\kV8\ �k�kosV j P |}WYV8oY\ j oY\k�E�L� h�jUj j oYV9t,osZ �kV8t-ost c RUP��
TQR h t,t-� i R h y VXo i TkVXR i \kT,�koYV j VXR " VXR ZpV6OSV8RSR VX\k�qV8ZpV8\ F h ZUVX\ Z	�*y \ko i T Z�t VHTkR[� h R j ZpV8WYWs~ h R
j oY\k� C	� i R � m jUi \qT �kosV j V jJc RUPS~kWsVXt j ~�V ZpR h i T ZpVX\�R�oYR rCPSWsTSVX\q�kV ��t�rCPSRUt i \kT �h VXoYV8\ p̃ = log p i \k� q̃ = log q �kosV � PST h RnosZfTkt V8\'� R�V8oYVXR " h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\ p i \k� q

C
F h \k\�TSoYWxZ rCykR r̃ = log(p + q)

r̃ = log
(

exp(p̃) + exp(q̃)
)

= log
(

exp(p̃)
(

1 +
exp(q̃)

exp(p̃)

)

)

= p̃ + log
(

1 + exp(q̃ − p̃)
)

� V h i T ZpV8\rR�oYR6� h ~�V8o � � hQjUj p̃ ≥ q̃ � j P�o j Z j o i TqVXRUTQV j ZUVXWsWsZ���� hQjUj r̃ ≤ 1
C " VX\k�kV8\ R�osR6\ i \

�qoYV j V ��t�rCPSRUt i \kT os\ �kVXR Q PSRSR��QRnZ j �	�{V8| i R j osPS\ h \ � ��WYTSP C ObC BWV � � � h \k\ o j Z � hQj PQ~�V8\
~ V j i TkRUosVX~ VX\kV c RUPS~qWYVXt hQi i T/rCykR[�kVX\ Q PSRSR��QR Z j � �9WsTSPSRUoxZ9Tkt ikj TSV8W m j Z C
�t/0')=) -�1 (!p $ u \ :6+ v <f/0=)'<7 � =) ���< 1#u 79�t/0'	=) -�1 (�p $ u @
h VXo Z ′ �koYV z�V8\kTSV h WYWYV8R j Z i t t,VX\ � ikj Z��Q\k�qV os\ Z i \k� T ′ �kosV z�V8\kTSV h WYWsVXR m ~�V8RUT �Q\qTSVQ�
�qoYV6oY\/V8oY\kV8t j Z i t t,VX\ � ikj Z h \q��V8\k�kVX\ CF h �kVXR h i ~L� � ikj Z h \q� j TSR h y<T G′ = (Z, T ′) h � � | Wso j i T,o j ZX�Q| m \k\kVX\�R�osR �kVX\ � iqj Z h \k� j R hQi t
Z := {z1, . . . , zm}

V8\ Z j yqRUV i TqVX\k���kV j ZpPgy�PSWsPSTSo j i T j PSR ZposVXRnZUVX\ h i ~L� � ikj Z h \k� j TSR h ywTkVX\ j PSR �
ZUoYV8RUVX\ � j oYVHTkV! h ykosZUVXW B � BDC XDX � �
	$ykR � V �HR VXo � ikj Zp�Q\k�kV zi, zj ∈ Z TSV8WsZpV

i < j, r h WYW j zi ≺A zj,
� ObC B#� �

h VXo z0 := B
CJF h \k\ W � jUj Z j o i T �qVXR/WYPST � Q PSR R �QR Z j � hbi PSRUV4t,osZfTkoYWxrCV �kV j rCPSWsTSVX\q�kVX\ + 	 $��

�&	 ������#� � ��>�+ $%	 ����� � � ��� ~�V8RUV i Tq\kVX\ �l Rn�XV i TSV � hQj 	IV8WY� α̃z,i, z ∈ Z ∪ {B}, i = 0, . . . , l
C

BgC uw\kosZUo h Wso j oYVXR i \kT �

α̃B,0 = 0,

α̃z,0 = −∞, ∀z ∈ Z\Z ′,

α̃z,i = −∞, ∀z ∈ Z, i = 1, . . . , l,

α̃∗,l = −∞,
rCyqR j = 1, . . . , m, zj ∈ Z ′,
rCykR k = 0, . . . , j − 1, zk ∈ Z ′ ∪ {B}, ~ VXRUV i Tk\kV
r h WYW j (

α̃zj ,0 ≥ (α̃zk,0 + log(tzk,zj
))

)

α̃zj ,0 = α̃zj ,0 + log
(

1 + exp
(

(α̃zk,0 + log(tzk,zj
)) − α̃zj ,0

)

)

j PS\ j Z



� ���  � ������� � 
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 � 
 XwB

α̃zj ,0 =
(

α̃zk,0 + log(tzk,zj
)
)

+ log
(

1 + exp
(

α̃zj ,0 − (α̃zk,0 + log(tzk,zj
))

)

)

ObC ��VX| i R j oYPQ\ �
rCykR i = 1, . . . , l,
rCykR j = 1, . . . , m
rCykR k = 0, . . . , j − 1, zk ∈ Z ∪ {B}, ~�V8RUV i Tq\kV
r h WsW j (

α̃zj ,i ≥ α̃zk,i−dzj
+ log(tzk ,zj

)
)

α̃zj ,i = α̃zj ,i + log
(

1 + exp(α̃zk,i−dzj
+ log tzk,zj

− α̃zj ,i)
)

j PS\ j Z
α̃zj ,i = α̃zk,i−dzj

+ log tzk,zj
+ log

(

1 + exp(α̃zj ,i − (α̃zk,i−dzj
+ log tzk,zj

))
)

α̃zj ,i = α̃zj ,i + log(ezj ,s[i,i+dzj
))

XwC � VXRnt os\ h ZposPS\ �
rCykR k = 1, . . . , m, zk ∈ Z, ~�V8RUV i Tq\kV
r h WsW j (

α̃∗,l ≥ α̃zk,l + log(tzk ,E)
)

α̃∗,l = α̃∗,l + log
(

1 + exp
(

α̃z,l + log(tz,E) − α̃∗,l

)

)

j PS\ j Z
α̃∗,l = α̃z,l + log(tz,E) + log

(

1 + exp
(

α̃∗,l − (α̃z,l + log(tz,E))
)

)

� = /0')(% d$!&2' \ :6+ � ( � ����� � � � ��� �����A+?� ����/ ����� � ����� � ����� � ���%9 s[1, l] ∈ Σl � � ����� � � � ' �)	*,+ �
� - - 9 � � � 9 � � $ ��� � � � � $ �.$ � : ��� � � �����

α∗,l = exp(α̃∗,l).
� O*CEB[� �

�t/6')=) -01 (�p $ u \ : + � <f/6=)'<7 � -01 (% #� - 79�t/6')=) -01 (�p $ u @
h VXo Z ′ �kosV�z�VX\kTSV h WYWsVXR j Z i t,t V8\ � iqj Z���\k�kV oY\ Z i \k� T ′ �qoYV�z�VX\kTQV h WsWYV8R m ~ VXRUTS�Q\kTSV��
�koYV oY\ V8oY\kV8t j Z i t,t V8\ � ikj Z h \k� V8\k�kVX\ C h VXo9�kVXR � iqj Z h \k� j R hQi t Z := {z1, . . . , zm}VX\ Z j ykRUV i TkVX\q� �kV8R>��V8�koY\kT i \kT ObC B#� j PSRnZUoYV8RnZ C h V8o z0 := B

C F h \k\ WY� jUj Z j o i T �kV8R>WYPST �Q oxZpVXRn~kox� hbi PQRUV&t,osZfTkoYWxrCV9�kV j rCPQWYTSV8\k�kVX\ + 	 $��1����� � � : � ��>�+ $%	 �#��� � � ��� ~ VXRnV i Tk\kV8\ �l RU�XV i TSV � hQj 	aVXWs� δz,i, z ∈ Z ∪ {B}, i = 0, . . . , l
C

� =	 � �< 1#uH1 ( - / �

BDC uw\koxZpo h WYo j oYV8R i \qT �

δ̃B,0 = 0,

δ̃z,0 = −∞, ∀z ∈ Z\Z ′,
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rCykR j = 1, . . . , m, zj ∈ Z ′ ~�V8RUV i Tq\kV
δ̃zj ,0 = max

zk∈Z′∪{B},k<j

(

δ̃zk,0 + log(tzk,zj
)
)

,

O*C �{V8| i R j oYPS\ �
rCyqR i = 1, . . . , l,
rCykR j = 1, . . . , m ~�V8RUV i Tk\kV
δ̃zj ,i = log(ezj ,s[i,i+dzj

)) + max
zk∈Z∪{B},k<j

(

(δ̃zk,i−dzj
) + log(tzk,zj

)
)

XbC � V8RUt,oY\ h ZpoYPQ\ �
~�V8RUV i Tk\kV

δ̃∗,l = max
z∈Z

(

δ̃z,l + log(tz,E)
)

 � � � ���w 1[uH1 ( - / � � ~ h i |}ZUR h i |}os\kT �

BgC ��VXTQoY\k\ �
~ VXRnV i Tk\qV

vr = arg max
z∈Z

(

δ̃z,l + log(tz,E)
)

O*C �{V8| i R j oYPS\ �

rCyqR i = r − 1, . . . , 1, Di+1,r =

r
∑

j=i+1

dvj
, ~ VXRUV i Tk\kV

vi = arg max
z∈Z

(

δ̃z,l−Di+1,r
+ log(tz,vi+1

)
)

F VXR Q osZUVXRU~qox� c r h � v[1, r] o j Z �kVXR R h TqR j i TqVXoY\qWYo i T j ZpV��kVXR h V�� i V8\k� s[1, l] � i TSR i \k�kV8WYoYV8TSVX\ ��qV c r h � Cdl R:�kV Ga\koYV8RnZ h W j P�� h�j ~ V j ZUV �9WsoYTS\qt V8\}ZX�c� C T C � hQj ��WYoYTQ\kt V8\ Z$t,osZ
�kV8t@T m i T j ZpV8\h*i PSRnVQ�q�qVXR ��\qrCR h TQV j V � i VX\k� s[1, l] � i t-t i WsZUo ykWsVX\ h V�� i V8\k� h WYoYTQ\kt V8\ Z A �kV8R�	 h t,oYWsoYV S CF oYV j V j �9WsoYTS\qt V8\}Z VXRfT h WsZUVX\sR�oYR os\k�kV8t R�oYR��kVX\ c r h � OSPS\ c P j osZUoYPS\ 1 ~ko j c P j osZUoYPS\ r� i R i TkW hQi rCV8\ i \k� rCykR � VX�kV8\ z h Z i T � � ikj Z h \k�)V8oY\)~�V j ZUoYt,t�ZpV j h � t ~ PSW��kV8R �9\qrCR h TSV j V �
� i V8\k� � j oYVHTkV �9WsTSP C?ObC B#N � t,osZ��kV8R h y h WxZpV �kV j ��WYoYTQ\kt V8\ Z j A �E�qVXR&�kV8R z h Z i TL� � ikj Z h \q�� i TSV8PSRU�k\qV8Z6o j Z�� h WsoYTS\qoYVXRnVX\�~k�HR C rCykR � VX�kV8\4uw\ j V8RnZn� i \k� F V8WYV ZpV � � ikj Z h \k�	V8oY\kV � y i |QV h \
�qVXR�VX\ Z j ykRUV i TkVX\q�kVX\ c P j oxZpoYPQ\�ostv��WYoYTQ\kt V8\ Z ~k� R C os\/�kVXR h V � i VX\k� VXos\qrCykTSV8\ �
�t/0')=) -�1 (!p $ u \ :6+wAE<f�t/ - ' &!pr(*& 1 79�t/0'	=) -�1 (�p $ u @
h VXo s[1, l] �kosV��9\qrCR h TSV j V�� i V8\k� i \k� v[1, r] �kVXR Q osZpV8RU~ko � c r h �&�qoYV j VXR h V � i VX\k� C~F h \k\ VXRST h Wx�ZUVX\ R�oYR � hQj �9WYosTS\kt,VX\ Z��kV8R h V�� i V8\k� s � i t z h � A t,osZ9TqoYWsrCV �kV j rCPSWsTSVX\q�kVX\(>�+?�@$�� � ���A� �
>�+ $%	 �#��� � � ��� �



� ��� ��� � � ��� ��� � ����� �  ���
 � � ��� ����� ��
 � � � ��� 	 � ��� 
 XDX

h VXo i = 1, . . . , l �koYV c P j osZUoYPS\ oY\,�kVXR �9\qrCR h TSV j V�� i V8\k� s i \q� j = 1 . . . , r �kosV c P j oxZposPS\ ostQ oxZpVXRn~kox� c r h � v
C

uw\koxZpo h WYo j oYV8R i \qT � i = 1, j = 1

R TkosWYV (i < l) �kP
{

oxr (typ(vj) == M)
{

h WsoYTS\qoYVXRnV9� h�j h �Lt�~�PSW h \ c P j C i os\ s t,osZ[�kV8R h y h WxZpV i PQW (vj)
oY\ A;

i = i + 1;
}

V8W j V oxr (typ(vj) == I)
{

oxr (col(vj) + 1 o j Z�VXoY\qV  �PS\ j VX\ jnikjUj y h WxZpV oY\ A)
rCykTQV V8oY\kV h y h WsZUV6t oxZ � y i |QV8\ os\ A V8oY\��h WsoYTS\qoYVXRnV9� h�j h �Lt�~�PSW h \ c P j C i os\ s t oxZ �kosV j VXR h y h WxZpV��

V8W j V oxr (col(vj) + 1 o j Z�|QV8oY\kV  �PS\ j VX\ jUikjnj y h WxZpV oY\ A)h WsoYTS\qoYVXRnV9� h�j h �Lt�~�PSW h \ c P j C i os\ s t oxZ �kosV j VXR h y h WxZpV��
i = i + 1;
}

V8W j V oxr (typ(vj) == D)
{

rCykTQV h \ c P j oxZposPS\ i oY\ s V8oY\kV � y i |�V V8oY\��
}

j = j + 1;
}

�7� � �	� ���1��
 � � 	 )*��0 � / 0 /  ���!��0��#���*�&% � 03"1��8 +.' - - %

� VHTkt V8\LR�osR h \E� � hQjUj �koYV l t o jUj oYPS\ j � i \k� m ~�V8RUT h \kT j R h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\�VXoY\qV j`c RnPgGaWx�
I z	z j TSR m jnj V8R j os\k� h W j 0 �$� h \k\ | h \k\ � hQj�c RUPgGkWx� I z	z � V8�kV>~ VXWYosVX~kosTSV h V�� i V8\k�/t oxZh � t ~ PSWYV8\ h�ikj �kVXt TSV8TSVX~ VX\qVX\ l t,o jnj oYPQ\ jph WEy<T h ~ V8Z Σ VXRn�XV i TSVX\ C l j �kVHGk\koYV8RnZ h W j P VXos\kV
" h TkR j i TkVXos\kWYo i Tk|QV8osZ j OSV8RnZpV8oYW i \kT hQi r$�kVXR�z�V8\kTSV h WsWYVXR h V�� i V8\k�XV8\	t,osZ�� i i T j Z h ~�V8\�os\ Σ

C
" oYR2R�PQWYWYV8\ \ i \ �kosV c:h R h t,V8ZUVXR:�qV j c RUPdGaWx� I z	z j ��� C T C �koYV l t o jUj osPS\ j � i \q� m ~ VXRUT h \kT j �
R h TkR j i TkVXos\kWYo i Tk|QV8osZpV8\ � j P j i Ta��ZU�XV8\ �k� hQjnj �koYV j V Q V8RnZUVXoYW i \kT rCykR�z�oxZpTSWsoYVX�qVXR �kVXR h V�� i VX\q� �
r h t,oYWYosV S ~�V j PS\q�kVXR j TkPgTkV " V8RnZUV h \k\kost t�Z C?F h � i \ i Zp�8VX\ R�oYR&�qoYV ost z h � TSVXTSV8~�V8\kV
uw\qrCPSRnt h ZUoYPS\)yk~ VXR��kosV Q V8RnZUVXoYW i \kT �kV8R � i |}WYVXP�ZpoY� � ~k�HR C �9t,oY\kP j � i RnV � I � i GkTS|QV8osZpV8\ os\
�kVX\ h y h WsZpV8\/�kV j z h � C
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x V8�kV h y h WsZUV V8oY\kV j z h � | h \k\�� i R i T VXoY\qVX\ Q V8|}ZUPSR�OSPS\ � i |}WYV8PQZpos�L� ~k�HR C �9t,oY\kP j � i RnV �
I � i GaTQ|QVXoxZpV8\�RnV ykRU� j V8\}ZUoYV8RnZ R�V8RU�kV8\ �
� ({^�& -�1#- = & \ : + ! �����,��� � � � ��+?�	� j � � � >�+?�@$�� � ���A� A $ �.$ � : ���DB
( ���A� ����� � � � ���A��� � �#� � � � � � /1��	 �

~nj := (nj,1, . . . , nj,n)
� ObC B#N �

� ��� nj,i := #{ak,j | ak,j = σi, k = 1, . . . , K}, i = 1, . . . , n

��� � � � �  $1/ ����� ��� � � � ��� � � ��� � ��+?�	� j : � 	 : � ���%� ���	��� � � � : 	1+ �$B
� � � � ��,�A� � ����� |~nj| :=

∑n

i=1 nj,i
��+ � ��� � >��%9 � �%+ ��+�+ � � � � � : 	1+ � � ��� Σ � � B � B���+�+ � � � � ���%� �

� ��� � � ��� � � � � � ��+?�	� j 0�	1� A B
�{t-\ i \ �qoYV l t,o jnj oYPQ\ j R h TkR j i TkV8oY\kWso i Tk|�VXosZUVX\ �kV8R � ikj Z��Q\k�qV&�kV j c RnPgGaWx� I z	z j[hQikj �qVXt
TQVXTSV8~�V8\kVX\>z h � A � i j i Ta��Zp�8VX\ �L~�V ZpR h i T ZpVX\R�oYR�rCykR � VX�qVX\ z h Z i TL� � ikj Z h \k� �koYV I � i GaT��|�VXoxZpVX\'�kVXR h � t ~ PSWYV hQikj Σ oY\,�kV8R  �PQ\ j V8\ jUikjnj y h WsZpV9�kVXR �koYV j V8R � ikj Z h \k� � i TQVXPSRn�k\kV8Z�o j Z��i \k� rCykR � VX�kV8\�uw\ j VXR Zn� � ikj Z h \k�/�koYV I � i GaTQ|QVXoxZpV8\�os\ �kVX\ h y h WsZpV8\ �HR�o j i TkV8\ �kV8R[VX\ Z j ykRUV �i TqVX\k�kV8\  �PS\ j VX\ jUikjnj y h WxZpV i \k� �qVXR \a� i T j ZpVX\E�:� h R�oYR �kosV h � t ~ PSWsV,os\ �koYV j VX\ h y h WxZpVX\
h W j uw\ j VXRnZUoYPS\qVX\�oY\ ZpV8RfykRnV8ZposVXRnVX\ C
� ({^�& -�1#- = & \ : + & ����� ��� 9�� ����� � /1�*	 ����� ~ni

� �&� ~nj
���

R
n $ �.$ � : ���DB
( ���A� � ��,�A� � ����� � � �

~ni + ~nj := (ni,1 + nj,1, . . . , ni,n + nj,n).
� ObC B[Z �

� ({^�& -�1#- = & \ : \ 	 ����� z ∈ Z ����� - ��� ��� � 	�� � �(�#� � � ��� � � ��� �����&� � �&� j := col(z) ��� �
� � ��+?�	� � � >�+?�@$�� � ���A� A ��� � ����� � � � ��� ��� �����&� 9 � $ � 	 � ��� ��� � � � B ����� k ��� � �D� ��� � �	� � � 8 j
8 	1+ $ ���&� � 
 	1� � ��� ����� � � ��+?�	� ��� A B
( ���A� ����� � � � ���A��� � �#� � � � � � /1��	 �

~nz :=











~nj , 8 ��+�+ � typ(z) = M,
k−1
∑

i=j+1

~ni , 8 ��+�+ � typ(z) = I,

� ObC B[n �

��� ��� � ��� ��� �����&� z 9 � $ � 	 � ��� ��� ��� � � �  $1/ �����	��� � � � � � � : 	1+ �� ��� Σ ��� A � � B � B 8 H � ����� ���
- ���	��� � � ��� � ���&�=��� � � � �  $1/ ����� ��� � � � ��� � � � � � ��+?� � j 0�	 �)/�	 ��� ���&� ��� � � � : 	1+ � � � �&�,8 H �
����� ��� ��� � � �#� � � ��� � ���&� ��� � � � �  $1/ ����� ��� � � �!9�� � � ��� ��� � ��� 
 	1� � ��� ����� � � ��+?�	��� j � �&� k
0�	 �)/�	 ��� ���&� ��� � � � : 	1+ �$B (�B � B ��� � � � � �#� � � ��� � � ��� �����&� IB

9 � $ � 	 � ��� ���	��� � � �  $1/ �����	���
~nIB

� ���&� ��� � � � �  $1/ �����	��� � � � ��� � ��� � � ��+?� ��� 0�	 � � � ��� � � � ��� 
 	1� � ��� ����� � � ��+?�	��� �
>�+?�@$�� � ���A� : � 	 : � ���%�	��� ��� � � � : 	1+ �$B
� V Tkt,VX\LR�oYR h \ � � hQjUj �koYV oY\ VXoY\qVXR  {PS\ j VX\ jnikjUj y h WsZUV � rCyqR:VXos\kVX\ z h Z i T � � ikj Z h \k� � ~k� R C oY\
�qVX\ h y h WsZUVX\��HR�o j i TkV8\	�HR VXo  �PS\ j VX\ jUikjnj y h WxZpV8\ � rCykR�VXos\kVX\�uw\ j VXRnZ � � ikj Z h \q� � ~ VXPQ~ h i T ZpV �
ZUVX\ h � t ~ PSWYV σi

� VHR VXosW j VX\ Z j ykRUV i TkVX\q�4VXoY\qVXR��koYV j V8R  {PS\ j VX\ jnikjUj y h WsZUV�~k� R C VXoY\qVXR��koYV j V8\
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 X{�

h y h WxZpV8\ � i TSR i \k�kV8WYosVXTSV8\k�kVX\ " h TkR j i TkV8oY\kWso i Tk|�VXosZ j OQVXRnZUVXosW i \kT ~p := (p1, . . . , pn)
VXRn�XV i TQZ

R�V8RU�kV8\ � pi
j VXo&� h ~�V8o9�kosV " h TkR j i TkVXos\kWYo i Tk|QV8osZ/� hQj h � t ~�PQW σi

� i VXRn�XV i TSVX\E� pi ≥ 0 �
∑n

i=1 pi = 1 �Q� h \k\ j os\k���koYV rCyqR�VXoY\qVX\ � ikj Z h \k� z ~ VXPQ~ h i T ZpV ZpVX\ I � i GaTS|QV8osZUVX\ ~nz
� VHR VXoYW j

VX\ Z j ykRUV i TkVX\q�>�kVXR z i WsZpos\kPSt,o h WxOSV8RnZpV8oYW i \kT�t oxZ c:h R h t,V8ZUVXRU\ ~p OQVXRnZUVXosWsZ CDF oYV j V c:h R h t,V8ZUVXR
~p VX\ Z j ykRUV i TkVX\	�qVX\�� i�j i Ta��ZU�XV8\k�kVX\ l t,o jnj osPS\ j R h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\ C

 (*/6: 1#- >	( 4 �_$�^�'	�)( -�1 (*&
l oY\kV z�V Z9TkP �kV,�koYV c$h R h t,V8ZUVXR ~p rCykR VXos\kVX\ � ikj Z h \k� z hQiqj �qVX\ ~ VXPQ~ h i T ZpV ZpVX\ I � i GkT��|QV8osZpV8\ ~nz

� i j i Ta��ZU�XVX\E� j oY\k�)�kosV>RUV8W h ZUosOQVX\ I � i GaTS|QV8osZUVX\G�kVXR ~ VXPS~ h i T ZpV8ZUVX\ h � t ~�PQWYVQ�
� C T C

p̂i =
nz,i

|~nz|
, i = 1, . . . , n.

� ObCPOd� �
l oY\ � h i T ZpVXosW$�qoYV j VXR&z�V8ZfTkPL�qV o j Z � VX�qP i T � � hQjnj �kosV j P rCykR9V8oY\kV8\ � ikj Z h \k� z TQV j i Tk��Zp� ZpV
" h TkR j i TkVXos\kWYo i Tk|QV8osZ p̂i

VXos\kV j h � t ~ PSW j σi
�kV8\ " VXR Z 0 h \k\koYt,t�ZX�$r h WsW j �kosV j V j h � t ~ PSWrCykR9�qVX\ � ikj Z h \q� z \ko i T Z6~ VXPQ~ h i T ZpV Z R�oYRn� C	l os\ l R i \k��rCykR9� h�j 	aV TkWsVX\	V8oY\kV j h � t ~ PSW j| h \k\ � C � C �koYV  �PS\ j VXR OLosVXR Z9TkV8osZ �qVXR V8\}Z j ykRnV i TkV8\k�kV8\  �PQ\ j V8\ jUikjnj y h WsZpV � rCykR:V8oY\kV8\,z h Z i TL�� ikj Z h \k� � j VXoY\E�cPL�kV8R h ~�V8R hQi i T VXoY\qV�� i |}WsVXoY\qV F h ZpV8\kt,VX\kTSV��c� C T C VXoY\qV�� i TQVXRUos\kTSV���\k� h TqW

h \ h V � i VX\k�8VX\)oYt z h � A
C ��V j PS\k�qVXR j ost � i WsV8ZU�8Z TQVX\ h \q\}ZUVX\ 	 h WsW`R�PSWsWYV8\ R�oYR � VX�kP i T

\ko i T Z hQikjUj i TkWYosV jnj VX\E� � hQjnj>h \k�qVXRUV4z�osZUTSWYosVX�kV8R,�qVXR h V�� i VX\q�8r h t,oYWsoYV h \ �kosV j VXR c P j oxZposPS\
�koYV j V j h �Lt�~�PSW�V8\ Z9T h WxZpV8\ C

] u (b$ 5 =_7 � =	$�& 1[u

�[�k�kosVXRUV8\ R�osR rCykR � V8�kV j h � t ~ PSW σi ∈ Σ � i �kVXR I � i GaTS|�VXosZ nz,i
t,osZ[�kV8R�V j os\/�kVXR  �PS\ �

j V8\ jUikjnj y h WsZpV col(z)
� z h Z i T � ~k� R C � R�o j i TqVX\>�kosV j VXR i \k�'�kV8R�\a� i T j ZUVX\  {PS\ j V8\ jUiqjUj y h WsZUV

� uw\ j VXR Z � ~�V8PS~ h i T ZpV ZMR�oYRU�E� � VHR VXoYW j VXos\kV� �PS\ j Z h \ ZUV αi > 0 � V8oY\kV8\ j PST C ',� � � �%	 � � 	 � �A�@�i \k��\kPSRnt osVXRUV8\/�koYV j VX\ " VXRnZX�a� C T C

p̂i :=
nz,i + αi

|~nz| + |~α|
, t,osZ |~α| :=

n
∑

i=1

αi, i = 1, . . . , n,
� ObCPO*B �

� h \k\4o j Z9oY\ � V8�kVXt z h Z i T � i \k� uw\ j VXRnZ � � ikj Z h \q�4�koYV TQV j i Tk��Zp� ZpV l t o jUj oYPS\ j R h TkR j i TkVXos\L�
WYo i Tk|QV8osZ p̂i

rCykR h WsWYV σi
TSR m jUj V8R 0

C " oYV t h \ h \wT h \k� �kosV j VXR l WYVXo i T i \kT � V8�kP i T j V TkV8\,| h \q\ �
R�oYRn� os\,�qVXR hbi Ta��ZU� i \qT��kV8R l t,o jUj oYPS\ j R h TkR j i TkVXos\kWYo i Tk|QV8osZ7�kV j h �Lt�~�PSW j σi

rCyqR V8oY\kV8\ � i �
j Z h \k� z \qo i T Z�~ VXRny i | j o i T}ZUoYTQZ R�V8W i TkV h \k�kV8RUVX\'�9t,oY\kP j � i RnVX\ rCyqR z oYt z h � ~ VXPS~ h i T}ZUV8ZR�V8RU�kV8\ C%l j TSoY~LZ � VX�qP i T�� C � C j PST C � � � � � ��+ � � �;:�� ����� � ���.	1� ���'� R�o j i TqVX\,�9t,oY\kP j � i RnVX\ ��� C T C
VXos\kV6�9t,oY\kP j � i RnV R�oYRn��� i R i T�VXos\kV h \k�kV8RUV VXR j V Zp�8ZX�IPDTk\kV � hQjnj �koYV 	 i \k| ZUoYPS\ �kV j c RnPQZpV �
oY\ j OSVXRU�Q\k�kV8RnZ R�oYRn� C{h PSW i T V8oY\ � iqj Z h�ikj i T,o j Z � VX�kP i T�\ko i T Z�� R�o j i TkVX\ h WYWsVX\ ��t os\kP j � i RUV8\
t m TSWYo i T i \q� ZpRnosZUZ�oY\�~�V j ZUoYt,t�ZpV8\ ��V8RUV8o i TkV8\4VXoY\qV j.c RUP�ZpVXos\ j Ta� i GaTQVXR hQi r h W j oY\ h \k�kV �
RUV8\ Cl j o j Z j PSt,osZ j os\k\ OSPSWsW � �koYV j V j&j PST C ��� � �#�.	 �#� � �"� � � ����yk~ VXR&~ V j ZpoYt,t�ZUV � ikjUh t,t V8\<Ta�Q\kTQV
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~q�HR C�l osTSVX\ j i T h rNZUVX\ �qVXR �9t,oY\kP j � i RnVX\�~�V8o �kV8R h*i Ta��Zp� i \kT	�qVXR l t,o jnj osPS\ j R h TkR j i TkV8oY\L�
Wso i Tk|�VXoxZpVX\�� i ~�V8RUy i | j o i T ZpoYTQVX\ C?l os\kV�z�V8ZfTkPL�qV�t,osZ��kV8R9�kosV j t m TQWYo i T/o j Z�� i \k�	�kosV hQi i T
os\ h \k�kV8RUVX\ c RUPSTSR h t,t V8\	rCykR c RnPgGaW � I z z j ��R�osV,� C � I z z l � B N C i \k� h �&z B n C ��� i Rh*i Ta��Zp� i \kT	�qVXR l t,o jnj osPS\ j R h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\ TSVX\ i ZU�8ZLR�oYRU�E��o j Z V8oY\kV j PST C - � � ��� � �%$
0�	1� ( � �#� ���%+ ��� �1� � �#�	����+ � �%$ ��� B V � OgO C C

8 -6u � (�$�&2' >	=	& � -  - � (!/0( 1 7 � (% 1 ( - /6$�&2')(*&
h VXo Dn := {(p1, . . . , pn) | p1 + . . . + pn = 1} �koYV�z�VX\qTSV h WsWYVXR[t m TSWso i TkV8\ Q V8RnZUVXoYW i \kTSV8\�qVXR h � t ~ PSWsV σi

hQiqj Σ C " osR:\kVHTkt V8\ h \ �#R�oYR�T h ~ VX\ VXos\kV " h TkR j i TkV8oY\kWso i Tk|�VXoxZ j OQVXR ZpVXosW i \qT
yq~�V8R
�qVXR:z�VX\kTQV Dn

TSV8TSVX~ VX\ � �kosV�� hQj$h � yqRUoYPQRUox� " o jnj VX\6yq~�V8R
�qoYV Q VXR ZpVXosW i \qT{�qVXR h � t ~ PSWYV
os\��kVX\  �PS\ j VX\ jnikjUj y h WxZpVX\'~k�HR C os\ �kV8\ h y h WsZUVX\,�HR�o j i TkV8\ � V��HR VXo& �PQ\ j V8\ jUikjnj y h WsZpV8\>�kV j
z h �;R�oYVX�qVXR j ykoYV8TSVXWxZ C_F oYV j V Q V8RnZUVXoYW i \kT \kV8\k\kV8\ R�oYR[�qoYV ��� � �#�.	 �#� �1� � ���	����+ � �%$ Ch Z h ZnZ R�oYV ~ko j TkVXR[�qoYV c:h R h t,V8ZpV8R ~p �kVXR�z i WxZpos\kPSt,o h WxOSVXR ZpV8oYW i \kT rCyqR � VX�kV8\ ~ VXPS~ h i T}ZUV8ZUVX\I � i GaTQ|QVXoxZ j OSVX| ZUPSR ~nz, z ∈ Z, j V y h R h Z�� i/j i Ta��ZU�XV8\ �<R�PQWYWYV8\�R�oYR \ i \ hQikj�h WYWYV8\'rCykR V8oY\kV8\~ V j Zpost t�ZUVX\ � ikj Z h \q� j Z	�*y �a� C T�z h Z i T�P �kVXR[uw\ j VXR Z��a~ VXPS~ h i T ZpV8ZUVX\ I � i GaTS|QV8osZ j OSV8| ZpPSRnVX\
�qoYRUV8| Z �koYV�� i TSR i \k�kVXWsoYV8TSVX\k�qV�" h TkR j i TkV8oY\kWso i Tk|�VXoxZ j OQVXR ZpVXosW i \qT�~k� R C o TkRnV F o i T ZUV j i Ta��ZU�XVX\ C
��W j�h � ykRUosPSRUo � Q V8RnZpV8oYW i \kT yk~�V8R��kVXR�z�V8\kTSV Dn

R �gTqWYVX\ R�oYR[�qoYV F osRUo i TqWYV8Z � Q V8RnZpV8oYW i \kT �
� ({^�& -�1#- = & \ : \ +=< � -  - � (!/6( 1 7 � (* 1 ( - /0$�&2' @
C ��� � ( � �#� ���%+ ��� �1� � ���	����+ � �%$ � � � ����� ����� � � � ��� �����A+?� ����/ ����� � 0�� �#� ����+ � �%$�H : � � Dn

� �&� � � � � � �
,�A� � �#� � � ��������� � ( � ���%� �

ρ(~p) =

∏n

i=1 pαi−1
i

∫

~p

∏n

i=1 pαi−1
i

, ~p ∈ Dn,
� ObCYODO �

� ��� ' ��� ��� ��� � �#� ~α := (α1, . . . , αn) � αi > 0 B
�{t h W j P �koYV F o i T ZpV ρ �kVXR F oYRUo i TkWYV Zn� Q VXRnZUVXosW i \kT � i j i Ta��ZU�XV8\�t y jUj V8\ o TkRnV c$h R h t,V8ZUVXR ~αTQV j i Tk��Zp� ZjR VXRn�kVX\ C
� V Tkt,VX\ R�oYR h \ ��� hQjUj �koYV c$h R h t,V8ZUVXR VXos\kVXR F osRUo i TkWYV Zn� Q V8RnZUVXoYW i \kT TSV8TSVX~ VX\ j os\k� ��� h \q\
W hQjUj VX\ j o i T �qoYV7rCykR:V8oY\kV8\�~ V j ZUoYt,t�ZpV8\ � ikj Z h \q� ~�V8PS~ h i T ZUV8ZpV8\ I � i GaTS|QV8osZUVX\ ~nz

�kVXR h � t��
~ PSWsV i \k���koYV Q V8RnZpV8oYW i \kT ~p � i R i T�rCPSWsTSVX\q�kV j � i r h WsW j V �by�V8RUost V8\}Z�VXRn�XV i TSVX\ �
BDC R �gTqWYV ~p ∈ Dn

� i r@�QWYWsoYTk� V8\ Z j yqRUV i TqVX\k���kVXR h � ykRnoYPSRnox� Q V8RnZUVXoYW i \kT TSV8TSVX~ VX\/� i R i T/�koYVF o i T ZpV ρ

ObC VXRU�8V i TQV �koYV ~�V8PS~ h i T ZpV ZpV8\ I � i GaTS|�VXoxZpVX\ ~nz
�kVXR h �Lt�~�PSWsV�� i r@�QWYWsoYTk�aV8\ Z j yqRUV i TqVX\k�

�kVXR Q VXR ZpVXosW i \qT ~p � j PSt,osZ/o j Z ~nz
VX\ Z j ykRUV i TkVX\q� �qVXR�z i WxZpoY\qPSt o h WsOQVXR ZpVXosW i \qT t,osZ

c:h R h t V ZpV8RU\ ~p OSVXR ZpV8oYWsZ �
F oYV TSV j i Ta��ZU�8ZpV " h TqR j i TqVXoY\qWYo i Tq|QVXoxZ p̂i

�qV j h � t ~�PQW j σi
�aTSV8TSVX~ VX\	V8oY\kV F osRUo i TkWYV Zn� F o i T ZpV

t,osZ c:h R h t V ZpV8RU\ ~α i \k��VXos\kVX\ I � i GaTS|�VXosZ j OQVX| ZpPSR ~nz
�ko j Z�\ i \ �qVHGa\kosVXR Z�� i R i T

p̂i := P~α(σi |~nz)
� ObCYOgX �
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x VX�kP i T o j Z�V j'hQi i T t,osZ V8oY\kV8R,V8oY\k�8oYTSV8\ F oYRno i TkWsV8Zn� Q VXR ZpVXosW i \qT	\ko i T Z t m TSWYo i T �$|�PStykWYV �
�LV � ikjUh t t,VX\wTa�Q\kTSV�� R�o j i TqVX\ �9t,oY\qP j � i RUVX\ � i ~�V8RUy i | j o i T ZpoYTQVX\ �$� h �kosV j V'� i R i T �kosV
c:h R h t,V8ZpV8R ~α \ko i T Z hQikj RnVXo i TkVX\k��R�oYV8�kVXRnTSV j ykoYV8TSVXWxZ R VXRU�qVX\G| m \k\qVX\ C  {PSt ~kos\koYV8RUVX\sR�osRh WYWsVXRn�koY\kT j t VHTkRUV8RUV F oYRUo i TkWYV Zn� Q VXRnZUVXosW i \kTQVX\ � � V R�V8oYW j �kV Ga\koYV8RnZ9� i R i T �koYV F o i T ZUV ρj, j =
1, . . . , l �
t oxZpV8oY\ h \q�kVXR8� j P	| m \k\kV8\�R�osR t,osZfTkoYWxrCV �kVXR OSV8R j i TqoYVX�qVX\kV8\ c$h R h t,V8ZUVXR ~αj

VXos\kVQ osVXWY� h TkW �kVXR �kV8t �9WsoYTS\qt V8\}Z�� i TQR i \k�qVXWYosVXTSV8\k�kV8\ yqRUPQZUPQZ	�*yko j i TkVX\G�9t,oY\kP j � i RnV8OQVXRnZUVXo �
W i \qTSVX\�~ VXRUy i | j o i T ZposTSVX\ CbF h t oxZ�|QPQt t�Z VXoY\qV9z�o j i T i \qT OQPS\ F oYRUo i TkWYV Zn� Q VXRnZUVXosW i \kTQVX\ �kV8R
� TSV8� h i T ZpV8\ � \ h ZUykRUWso i TkV8\ Q VXRnZUVXosW i \kT�OSPS\��9t,oY\qP j � i RUVX\ os\ �kV8\ h y h WsZUVX\ VXos\kV j z h � j VHTkR
O oYVXW�\k�gTkVXR h W j VXos\kV VXos\k�XosTSV F osRUo i TqWYV8Z � Q V8RnZpV8oYW i \kT C

� (%^�& -01#- =	& \ : \)\ < � - � ( 1 ( ( - &!(% �8 -6u � (�$�&2' >	=	& � -  - � (!/0( 1 7 � (% 1 ( - /6$�&2')(*& @
����� ��� ��� � ( � ���%�	��� ρj, j = 1, . . . , l, � ��� ' ��� ��� ���	� ��� ~αj := (αj,1, . . . , αj,n)

0�	1� l ( � �#� ���%+ ��� �
� � �#� ����+ � �%$ ���"$ �.$ � : ���DB ����� qj ≥ 0, j = 1, . . . , l, � �&� q1 + . . . + ql = 1 B( ���A� � � � ��� ��z�o j i T i \qT ��� � � � � l ( � ��� ���%+ ��� �1� � �#� ����+ � �%$ ��� � ��,�A� � �#� � � ����� ��� � ( � ���%� �

ρ = q1ρ1 + . . . + qlρl.
� O*CPOdV �

( � � qj
� ���A� ��� � � � ��� �� �P V��,�XosVX\ ZpV8\ � �&� ��� � ( � ���%�	��� ρj

��� �  �PSty PS\kVX\ ZUVX\�� � � ( � ���%�	�
� � � � � � ( � �#� ���%+ ��� �.- � � ��� � �%$ B
( � � - ���%$ � ��+�+ � � ' ��� ��� ���	� � Θ ����� � � - � � ��� � �%$ 0�	1� ( � �#� ���%+ ��� ��( � ���%�	��� � � � $ �.$ � : ���
� � ����� Θ = (~α1, . . . ~αl, q1, . . . , ql)

B � � � � ��� ����� : ��� � � � � ��+ : � � ��� ρΘ
� ������� ρ B

� VHTkt V8\�R�oYR h \ � R�oYR T h ~�V8\ �kosV c:h R h t,V8ZUVXR Θ �kVXR F o i T ZpV ρΘ
i \q��V8oY\kV8\ I � i GkTS|QV8osZ j �

OSV8|}ZUPSR ~nz
TSVXTQVX~ VX\ � � h \k\ o j Z'�kosV�TQV j i Tk��Zp� ZpV " h TkR j i TkV8oY\kWso i Tk|�VXoxZ p̂i

�kV j h � t ~ PSW j σiTSVXTQVX~ VX\�� i R i T

p̂i := PΘ(σi |~nz)

=

∫

~p

P (σi | ~p) · ρΘ(~p |~nz)d~p
� ObCYOD� �

=

∫

~p

pi · ρΘ(~p |~nz)d~p
� ObCYOg� �

= E(pi |~nz).
� O*CPODN �

F h ~ VXo�o j Z
ρΘ(~p |~nz) =

ρ(~p) · P (~nz | ~p)

P (~nz)

� O*CPOgZ �

�koYV6~ VX�qoY\kTQZUV F o i T ZUV �kV8R Q VXRnZUVXosW i \kT ~p �aTSVXTQVX~ VX\��kVX\ I � i GaTS|QV8osZ j OSV8| ZpPSR ~nz

C
P (~nz | ~p)

o j Z � h ~ VXoL�koYV Q VXR ZpVXosW i \qT�OSPQ\ ~nz
VX\ Z j ykRUV i TkVX\k� �kVXR�z i WsZUoY\kPQt o h WsOQVXRnZUVXosW i \kT[t,osZ

c:h R h t,V8ZpV8RU\ ~p i \k�
P (~nz) =

∫

~p

P (~nz | ~p) · ρ(~p)d~p
� O*CPOgn �
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) (*pspr: \ : \ 3 ����� ��� ��� � ' ��� ��� ��� � � Θ = (~α1, . . . ~αl, q1, . . . , ql)
� �&��� � � � � �  $1/ ����� � �

0�� /1��	 � ~nz
����� � � � ��� � ���&� � � z $ �.$ � : ���DB

����� B(~x) :=
∏n

i=1
Γ(xi)
Γ(|~x|)

��� � ��������� 	 � � /1���.	1�DB ( ���A�"$���+?�

p̂i =



























nz,i + αi

|~nz| + |~α|
, 8 ��+�+ � l = 1,

∑l

j=1 qj
B(~nz+~αj)

B(~αj )

nz,i+αj,i

|~nz |+|~αj |
∑l

k=1 qk
B(~nz+~αk)

B(~αk)

, � 	1� � � .

� ObC XD� �

� (�� ( -6u j osV TkV B ODO C C
2

	$ykR l = 1 �I� C T C rCyqR{V8oY\kV VXos\k�XV8WY\kV F osRUo i TkWYV Zn� Q V8RnZUVXoYW i \kTk�LVX\ Z j ykRUo i T Z&�kosV j{h W j P �qVXR{�[�k�kox�ZUoYPS\>OQPS\ c�j V i �kP � � P i \ Z j � ObCPO*B � � i �kVX\�~ VXPS~ h i T}ZUV8ZUVX\ I � i GaTS|�VXoxZpVX\ C
h VXo �kosV z�V8\kTSV {~n1, . . . , ~nt}

h WYWYV8R�V8oY\kV8t-~ V j ZpoYt,t�ZUVX\ � ikj Z h \q� j Z	�*y�� i TSV8PSRU�q\kV8ZUVX\ I � i �
GkTS|QV8osZ j OSV8|}ZUPSRUV8\'TSV8TSVX~ VX\ C%F h \k\ j i Tk��Zp�8VX\zR�osR �kosV c:h R h t,V8ZpV8R Θ �kVXR F o i T}ZUV ρΘ

t,osZfTkoYWxrCV
�qVXR -�� ! � � � ��� � � / ��+?� �A	 	�� � z�V Z9TkP �kV � z � � C)F C T C R�oYR jUi i TqVX\	�kosV c:h R h t V ZpV8R Θ �a�qoYV �koYVTQVXt,VXoY\ jph t,V " h TkR j i TkV8oY\kWso i Tk|�VXosZ&�kV j � i rNZpRnV8ZpV8\ j �kV8R6~�V8PS~ h i T ZpV ZpV8\ I � i GaTS|�VXoxZ j OQVX| ZpP �
RnVX\ ~nj, j = 1, . . . , t, t h �Lost osVXRUV8\ CF h R�oYR h \k\kVHTkt,VX\ �$� hQjUj �koYV Q VX| ZpPQRUVX\ ~nj

i \ h ~<Tk�Q\kTSosT�OSPQ\kVXos\ h \k�kV8R VXRn�XV i TQZ R VXRn�kVX\ �
TQoYWsZ

PΘ

(

~n1, . . . , ~nm

∣

∣ |~n1|, . . . , |~nm|
)

=

m
∏

j=1

PΘ

(

~nj

∣

∣ |~nj|
)

.
� ObC XwB �

" osR jUi i TqVX\ h W j P��kosV c:h R h t,V8ZpV8R Θ∗ rCykR��kosV6TSoYWxZ

Θ∗ = arg max
Θ

m
∏

j=1

PΘ

(

~nj

∣

∣ |~nj|
)

.
� ObC X{O �

F h TSosWsZ

Θ∗ = arg max
Θ

m
∏

j=1

PΘ

(

~nj

∣

∣ |~nj|
)

⇐⇒ Θ∗ = arg min
Θ

(

−
m

∑

j=1

log PΘ

(

~nj

∣

∣ |~nj|
)) � ObC XDX �

| m \k\kV8\ R�oYR��koYV c:h R h t,V8ZUVXR Θ∗ t,osZfTkoYWxrCV	�kV j l R h �kosVX\ ZpV8\ h ~ j ZpoYV8T j OQVXR r h TkRUV8\ j os\ �HR VXoh*i TkRUoxZUZpV8\ j i Ta��ZU�XV8\��}oYt V8R j ZpVX\ hbi TkRnosZnZ R�V8RU�kV8\ �kosV ~αj
rCykR rCV j ZpV qj

TSV j i Ta��Zp� Z�� ost1� R�V8osZpV8\h*i TkRUoxZUZ �koYV qj
rCykR rCV j ZpV ~αj

C!F oYV j V j Q VXRnr h TkRUV8\ ~k� R C �kV8R���WYTSPSRnosZfTkt ikj � h � i R�osRU� hQikj �
rCywTkRUWso i T/oY\ B ODO1C ~ V j i TkRUosVX~ VX\ C
F oYV " h TkW �kV8R �9\k� h TkW[�kV8R  �PSty PS\kVX\ ZUVX\ qj

�qVXR F oYRno i TkWsV8Z � z�o j i T i \kT�T h Z�VXoY\qVX\)VX\ Zn�
j i TkVXos�kVX\q�kVX\ l os\ � ikjnj � h R hQi r��`R�V8W i TkV i \k�)OSPSR h WsWYV8t R�osV8O oYV8WYV � ikjUh t t,VX\wTa�Q\kTSV � R�ox�
j i TkVX\ �kV8\ l WYVXt,VX\ ZUVX\ hQiqj Σ ~�V8RUy i | j o i T ZposTQZ R VXRU�qVX\ C�F h ~�V8o:t iqjUj6h WsWYV8RU�kos\kT j ~�V h i T ZpV Z
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R�V8RU�kV8\ ��� hQjnj VXos\kVXR j VXoxZ j t m TSWso i T j Z�O osVXWYV��kVXR&~ VX| h \q\}ZUVX\ � ikjph t t,VX\<Tk�Q\kTSV ~�V8RUy i | j o i TL�
ZposTQZ�R�V8RU�kV8\ � h \k�kV8RUV8R j V8osZ j:h ~ VXR hQi i T �kosV��9\k� h TkW}�kV8R
� i j i Ta��ZU�XVX\q�kVX\ c$h R h t,V8ZUVXR Θ \ko i T Z� i TSRUP jnj o j Z C B ODO1C R��gTkWsVX\ �qV j T h WY~ VXoY\qV F osRUo i TkWYV Zn� z�o j i T i \qT�t,osZ \kV i \  {PStzy PS\kV8\ ZpVX\E�
�kVXRnVX\ c:h R h t,V8ZpV8R hQi r��kVXR7� � � �  h � F h ZpV8\}~ h \k| B Z C TQV j i Tk��Zp� Z R VXRn�kVX\ C%F oYV j V F oYRno i TkWsV8Zn�
z�o j i T i \kT R�oYRn�'V8~�V8\qr h WYW j oY\,�kVX\ c RUPQTSR h t,t,VX\ I z	z l � i \k� h �6z�� i R h*i Ta��Zp� i \kT �kV8Rl t o jUj osPS\ j R h TqR j i TqVXoY\qWYo i Tq|QVXoxZpV8\�rCykR c RnPQZpV8oY\ j V�� i VX\q�XVX\�OSV8RSR VX\k�qV8Z C%F oYV l t,o jnj oYPQ\ j R h TkR��
j i TkV8oY\kWso i Tk|�VXoxZpVX\ VXoY\qV j�c RUPdGaWx� I z	z j rCykR�V8oY\ z h �vOQPS\ F�� �{� h V�� i VX\q�XVX\G| m \k\kVX\ t,osZ
VXos\kVXR VXos\qr h i TkV8\ F osRUo i TqWYV8Z � Q V8RnZpV8oYW i \kTk��� C T C t,osZ7�kV8R c�j V i �kP � � P i \ Z � z�V Z9TkP �kVQ�LTSV j i Ta��ZU�8Z
R�V8RU�kV8\ � � h �qoYV rCyqR��9t,oY\qP j � i RUVX\ TSVX\ h \k\ ZpVX\ � ikjUh t,t V8\<Ta�Q\kTQV'\ko i T}Z rCykR � i |}WYVXP�ZpoY�qV
~�V8RUy i | j o i T ZposTQZ R�V8RU�kV8\	t y jnj VX\ C

��� ��� � ��� � ���������� � ��� �!��!�������� ����!� "���� #����

� i i T �kosV m ~ VXRnT h \kT j R h TkR j i TkVXos\kWYo i Tk|QV8osZUVX\ VXoY\qV j c RUPgGkWx� I z	z j | m \k\kV8\ h \<T h \k���qV j
z h � TSV j i Ta� Zp�8ZtR VXRn�kVX\ � � i � VX�kV8R h V�� i V8\k� �kV j z h � A TSoY~LZ>V j V8oY\kV8\ VXoY\q�kV i ZUoYTSV8\
c r h �>� i R i T �kVX\ � ikj Z h \k� j TSR h ywTkVX\ �kV j c RUPgGkWx� I z	z j C 	 hQjnj VX\zR�oYR �koYV{oY\ �koYV j VX\ c r h �qVX\
~�V8PS~ h i T ZUV8ZpV8\ m ~�V8RUT �Q\qTSV � ikjUh t t,VX\E� j P,VXRST h WsZUVX\tR�oYR rCyqR � VX�kV8\ � ikj Z h \k� z ∈ Z VXos\kVX\Q VX| ZpPQR ~nz

� �kVXR��koYV I � i GaTS|QV8osZUVX\4�kV8R9oYt�z h � ~�V8PS~ h i T ZUV8ZpV8\ m ~ VXRnT �Q\kTSV OSPS\ z os\	�kosV\ h i TqrCPQWYTSV8\k�kVX\ � ikj Z��Q\k�qV V8\ Z9Ta�QWxZ �
� (%^�& -01#- =	& \ : \ v ����� z ∈ Z �����E� ��� � ���&� � �&� j := col(z) ��� � 
 	1� � ��� ����� � � ��+?�	�(� �
>�+?�@$�� � ���A� A ��� � �(��� � � � � � ��� � ���&� 9 � $ � 	 � ��� ��� � � � B ����� ��� Mj, Ij

� �&� Dj
��� � ������� � � �

� � ��+?� � j 9 � $ � 	 � ��� ���	��� � ��� �����&� �$B ����� ��� Mk, Ik
� �&� Dk

��� � ������� � � �(�D� ��� � � ��� � � 8 j
8 	1+ $ ���&� ��� 
 	1� � ��� ����� � � ��+?� � k 9 � $ � 	 � ��� ���	����� ��� �����&� �$B
( ���A� � ���

~nz :=







(nz,Mk
, nz,Ij

, nz,Dk
) , 8 ��+�+ � typ(z) = M,

(nz,Mk
, nz,Ij

) , 8 ��+�+ � typ(z) = I,
(nz,Mk

, nz,Dk
) , 8 ��+�+ � typ(z) = D,

� O*CYXgV �

� � ��� � /1�*	 �!� � � � � �  $1/ �����	��� � � � � 0�	 � � ��� �����&� z � ��� ��� $�+?� ��� ��� � : � ��$ ���%$ � � � �&�

~tz :=







(tz,Mk
, tz,Ij

, tz,Dk
) , 8 ��+�+ � typ(z) = M,

(tz,Mk
, tz,Ij

) , 8 ��+�+ � typ(z) = I,
(tz,Mk

, tz,Dk
) , 8 ��+�+ � typ(z) = D.

� O*CYX{� �

� � ��� � /1�*	 �!� � � ���A� � � ������� ���&� ��� � : � ��$ ���%$ � � � � � � ��� �����A+?� ����/ �����	���DB
" PQWYWYV8\�R�oYR[\ i \��koYV m ~�V8RUT h \qT j R h TkR j i TkV8oY\kWso i Tk|�VXosZUVX\ hQikj �kVX\�~ VXPS~ h i T}ZUV8ZUVX\ m ~�V8RUT �Q\ �
TSVX\ TkV8R hQiqj j i Ta��ZU�XVX\E�
t�y jUj VX\ R�oYR&V8oY\��gTk\kWso i TkV j.c RUPS~qWYVXt�� i �kVXt�oY\4��~ j i Tk\qosZUZ ObC XwC B
~�V j i TkRnoYV8~�V8\kVX\>~ V h i T}ZUVX\ Cbh os\k�,oY\��HR VXoI�kosRUVX| Z hQi rCV8oY\ h \k�kVXR rCPSWYTQVX\k�kV8\� �PS\ j VX\ jnikjUj y h WxZpVX\
j i \k� k ��� C T C k = j + 1 ���kV j z h � |QV8oY\kV � y i |�VX\ � i Ga\k�kV8\ �E~ VXPS~ h i T ZpVX\�R�osR{rCykR � VX�kVh V�� i V8\k�,�kV j z h � V8oY\kV8\ m ~�V8RUT h \qT/OQPS\ Mj

� i Mk

C�F osV I � i GaTQ|QVXoxZ6rCykR h WsWYV h \k�kVXRnVX\



VD� � � � ��� 	 � ���������
	�����$� ��� 	��������������

m ~�V8RUT ��\kTSV h \��kosV j V8R c P j oxZpoYPQ\ o j Z j PSt,osZ 0 C~F h R�oYR � VX�kP i T h \ � VX�kV8R c P j osZUoYPS\ uw\ j V8RnZUoYPS\kV8\i \k� F V8WYV ZpoYPQ\kVX\ � i W hQjUj VX\ R PSWsWYVX\E�c| m \k\qVX\ R�osR
�qoYV m ~ VXRnT h \kT j R h TkR j i TkVXos\kWYo i Tk|QV8osZpV8\ \ko i T}Z
V8\ Z j yqRUV i TqVX\k�)�kV8R ~ VXPS~ h i T ZpV8ZUVX\ RnVXW h ZpoxOSVX\ I � i GaTS|�VXosZUVX\ �kVXR m ~ VXRnT �Q\kTSV R��gTkWYV8\ C " oYV
�qoYV l t,o jnj osPS\ j R h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\ VXoY\qV jtc RUPdGaWx� I z	z j rCykR F�� ��� h V � i VX\k�8VX\ � j i Ta��Zn�
�8VX\ R�osR �qoYV m ~ VXRUT h \kT j R h TqR j i TqVXoY\qWYo i Tq|QVXoxZpV8\ t oxZ V8oY\kV8R V8oY\qr h i TkVX\ F oYRUo i TkWYV Zn� Q VXRnZUVXosW i \kT CF h ~�V8o[~�V ZpR h i T ZpVX\ R�oYR �kosV>OSVXR j i TkosVX�kV8\ �9R ZpVX\)OSPQ\ m ~ VXRnT �Q\kTQVX\ ��� C T m ~ VXRUTS�Q\kTSV hQikj
z h Z i TL�p� h�ikj uw\ j VXR Zn� i \k� hQikj F VXWsV8ZpV � � ikj Z��Q\q�kVX\�TqVXR h�ikj � i \ h ~<Tk�Q\kTSosT OQPS\kVXos\ h \k�qVXR i \q�
j i Ta��ZU�XVX\�rCykR � VX�qV �kVXR �kRnVXo ��RnZpV8\�OQPS\ m ~ VXRUTS�Q\kTSV8\�V8oY\kV V8oYTSV8\kV F osRUo i TqWYV8Z � F o i T ZpV C?F oYV
c$h R h t V ZpVXR ~αM

� ~αI
i \k� ~αD

�a�koYV j VXR��kRnVXo F o i T ZpVX\ j os\k��TSVXTSV8~�V8\�� i R i T

~αM := (αM,M , αM,IαM,D) rCykR m ~�V8RUT �Q\qTSV hQikj VXos\kVXt z h Z i T � � ikj Z h \k� , � ObC XD� �
~αI := (αI,M , αI,I)

rCyqR m ~�V8RUT ��\kTSV hQikj V8oY\kV8t uw\ j V8RnZ � � ikj Z h \k� , � ObC X{N �
~αD := (αD,M , αD,D) rCykR m ~ VXRnT �Q\kTQV h�ikj VXoY\qVXt F VXWYV ZpV � � ikj Z h \k� . � ObC XDZ �

) (*pspr: \ : \ � ����� ��� 9�� ��� � ��� � ���&� � zi
� �&� zj ∈ Z $ �.$ � : ���DB�( ���A� $���+?� 8 H � ��� �($ � �

� ��� ��� 9��	� � : � ��$ ���%$ � � � � � � ��� �����A+?� ����/ ����� t̂zi,zj

0�	1� zi
� � ��� zj

t̂zi,zj
=

nzi,zj
+ αtyp(zi),typ(zj)

|~nzi
| + |~αtyp(zi)|

.
� ObC XDn �

� (�� ( -6u \ h i T � VXt,t h ObCYOgXwC
2

F oYV c:h R h t V ZpV8R ~αM , ~αI
~k�HR C ~αD

W hQjnj V8\ j o i T R�oYV �koYV c:h R h t,V8ZUVXR:�qVXR F oYRUo i TkWYV Zn� F o i T ZpV�rCykR
�qoYV l t,o jUj oYPS\ j R h TkR j i TkVXos\kWYo i Tk|QV8osZUVX\ t oxZ9TkosWsrCV
�kVXR
z h �LoYt i t � � os|QVXWso TkP P � � z � � � z�V Z9TkP �kV
j i Ta��ZU�XVX\ C
" o j ZUR h \k��� h PS\q\<T h t,t V8R B Odn C �XV8oYTSV8\ � VX�qP i T ��� h�jUj �koYV�t oxZ �kV8R	z � ��z�V8ZfTkPL�qV�rCykR
��WYosTS\kt,VX\ Z j �kV8R c r h t � F h ZpV8\ ~ h \k| B O1C TSV j i Ta��ZU�8ZpV8\ c:h R h t,V8ZUVXR j i TkWsV i T ZpV8RUV l RUTQVX~k\ko j �
j V/~�V8�XykTSWso i T)�kV8R  W hQjUj oEGa| h ZUoYPS\ OSPS\ c RUPQZUVXoY\ j V�� i V8\k�XV8\ � � C T C VXoY\qVtT m TkV8RUV/�9\k� h TkW h \
z�o jUj |}W hQjnj oEGk| h ZpoYPQ\kVX\ �aWsoYV rCVXRU\ h W j �koYV6OQPS\ oETk\kVX\�VXtykoYRno j i T�V8RUt,osZnZpVXWxZpV8\ c$h R h t V ZpVXR C)F oYV
" VXR ZpV �kosV j V8R�VXtykoYRno j i T/V8RUt,osZUZUVXWxZpVX\ c$h R h t V ZpVXR j oY\k�

~αM = (0.794, 0.095, 0.005), ~αI = (0.333, 0.667) i \k� ~αD = (0.278, 0.222).
� ObC V{� �
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< � ���&���%$ >�+?�@$�� � ���A� ��j oY\q� V8oY\kV[OSPQ\ � h oY\kV8R h y h \qTk� z h R i ��V Tkt j t,VXosVXR i \q� x VX\ j h ZUP �SV
B O~V � OD� C VX\ Z R�o i |�VXWxZpV9z�V8ZfTkPL�qV{� i R c RUPQZUVXos\k|}W hQjnj oEGk�XoYV8R i \qT i \k� l \ ZU�kV i | i \kT \kV i VXRX� t m T��
WYo i TkVXR R�V8o j V VX\ ZUrCV8RU\ Z OSV8RSR h \k�qZUVXR,z�oxZpTSWsoYV8�kVXR VXos\kVXR c RUPQZUVXoY\Lr h t osWYosV oY\ VXoY\qVXR�TQVXTSV8~�V8\kVX\F h ZUVX\}~ h \k| CdF VXR
VX\ Z j ykRnV i TkV8\k�kV�< � ���&���%$���>�+?�@$�� � ���A� ��>�+ $%	 �#��� � � ��� � x � � u � ~�V8�koYV8\}Z j o i T
�kVXt c RnoY\k�8o y/�kVXR F � \ h t,o j i TkVX\ c RUPSTSR h t,t osVXR i \kT i \k��| h \k\ h W j VXos\kV l RSR VXosZUVXR i \kT'�qV jh t,osZ9T �#" h ZpV8RUt h \L�w��WYTSPQRUosZfTkt ikj � j oYVHTkV6�9\wT h \kT � TSV j VHTkVX\�R�V8RU�kV8\ C
	:ykR � VX�kV VXoY\q�XVXWs\kV h V�� i V8\k� � >�� 8 � � $ � � ��� � ���%9 � �kV8R F h ZpVX\}~ h \k| R�osRU� �qoYV 5 Tk\kWso i Tk|�VXoxZ
� i R c RnPQZpV8oY\qr h t,oYWsoYV/� i R i T VXoY\ WsPS| h WYV j ��WYoYTQ\kt V8\ Z>� i t t i WxZpoEykWYV8\ h V � i VX\k� h WYosTS\kt,VX\ Z
� z h � � �kV8R 	 h t osWYoYV/~ V j ZpoYt,t�Z C F h ~�V8o R�oYRn� � VX�kP i T oYt l V8TSVX\ jUh Zp�4� i c RnPgGaW � I z z j
\ko i T Z �kosV Q VXR ZpVXosW i \qT6�kVXR7�9t,oY\qP j � i RUVX\ os\��kVX\,VXos\k�XV8WY\kV8\ h y h WsZUVX\��kV j z h � ~�V8RUy i | j o i TL�
ZposTQZ C`h Z h ZnZp�kV jUj VX\�R�oYRU� � V8�kV c P j osZUoYPS\ �kV8R �9\qrCR h TSV j V�� i V8\k��� i � VHR VXoYW j VXos\kVXR h V�� i VX\q�Q�
�kVXR j PST C 6 ��8 � �����%9 � ��� � ���%9 �kV j z h � WYPS| h W h WYoYTQ\koYV8RnZ���R�PS~ VXo��koYV ��V8rCVXRnVX\k� j V � i VX\k��oY\L�
\kVXRST h Ws~G�qV j �9WYosTS\kt,VX\ Z j R�V i T j V8WY\ | h \k\ C h PSW i T)V8oY\ " V i T j V8WJR�osRU� h W j � � � � �%$ � V8\kTSW C
3 � ��� � ~ VX�8VXo i Tk\kV8Z i \k� ~�V8oE�kV8R���VXRnV i Tk\ i \qT �kV j �9WsoYTS\qt V8\}Z � hbi PSRUV j ~ V j ZpR h rNZ C � i rCTSR i \k�
�kVXR6t m TSWso i TkV8\ h yqRUyk\kTQV oY\k\kV8RfT h WY~	�kV j �9WsoYTS\kt,VX\ Z j R�oYRn�	�kosV j V j WYPS| h WsV���WYoYTQ\kt V8\ Z9�kV8R
�9\qrCR h TSV j V�� i V8\k��� i t�z h � < � ���&���%$ >�+?�@$�� � ���A� TQVX\ h \q\}Z CF VXR h*i PSRnV��qoYV j V j ��WYoYTQ\kt V8\ Z j � �kV8R j PST C < � ���&���%$���>�+?�@$�� � ���A� ����� 	 ��� �7o j Z V8oY\kV4�kosRUV8|}ZUVQ VXR h WYWsTSt V8oY\kV8R i \qT,�qV j WsPS| h WYV8\���WYoYTQ\kt V8\ Zn� h*i PSRnV j �kV j h t oxZ9TL� " h ZpVXRnt h \L�w��WYTSPSRnosZfTkt ikj Cl R'VX\ Z j ykRno i T Z �kV8t hbi PSRUV��kV j y hSh R R�V8o j V8\ �9WsoYTS\kt,VX\ Z j �qVXR>��\qrCR h TQV j V � i VX\k�4t,osZ,�kV8R
� VHR VXosWYoYTQVX\ �{V rCVXRUV8\k� j V�� i V8\k�Q�?R PS~ VXo rCykR � VX�kV8\ h ykR i \kT'os\k\kV8RfT h Ws~��qV j ��WYosTS\kt,VX\ Z j �a� C T C
rCykR � V8�kV j " V i T j VXWs\4�kVXR��{V rCVXRUV8\k� j V�� i V8\k�Q� VXos\kV�~ V j Zpost t�ZUV= {PS\ j Z h \ ZpV�� �kosV j PST C 3 � ��� �
� 	 � � h ~kTSV8�XPSTQVX\ R�osRU� C l V jni i T Z�R�oYRn� �qVXR,t h �Lost h WsV x i tykoY\qT��w��WYoYTQ\kt V8\ Zn� h*i PSRnVQ�
� C T C
�kVXR hbi PQRUV��kV j ~�V j ZpV8\ x i tykoY\qT ��WYoYTQ\kt V8\ Z j �kVXR,�9\LrCR h TSV j � i V8\k�	t,osZ��kV8t z h � �kV8R
c RUPQZUVXoY\Lr h t osWYosV C!F oYV j V8R,TQoY~qZ h \ �`R�oYV/�gTq\kWYo i TG�qoYV �9\LrCR h TSV j V � i VX\k��� i R c RUP�ZpVXos\qr h t,oYWsoYV
o j Z�� i \k��PS~ j oYV t m TSWYo i TkVXR R�V8o j V z�osZUTSWYosVX�/�koYV j V8R
	 h t,oYWsoYV�o j Z C)F VXR x i tykoY\qT��w��WYoYTQ\kt V8\ Zn�hbi PQRUV.R�oYRn��t,osZfTkoYWxrCV9�kV j rCPSWYTSV8\k�kV8\���WYTSPQRUosZfTkt ikj ~�V j Zpost t Z C
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h VXo6VXos\kV c RUPQZUVXoY\Lr h t osWYosV S := {S1, . . . , SK} i \k� VXos\kV �9\qrCR h TSV j V�� i V8\k� s[1, l] os\ Σl

TQVXTSV8~�V8\ C	h VXo

A = (ak,j)1≤k≤K,1≤j≤N , ak,j ∈ Σ ∪ {−}
� XwC B �

� hQj t i WsZUo ykWsV h V � i VX\k� h WYosTS\kt,VX\ Z��kosV j V8R�	 h t osWYoYV Ch VXo a′
k
�koYV k � ZUV � VXoYWsV&oY\ A � hQikj �kV8R R�osR[� i R i T h ZURUV8o i TkV8\ h WsWYV8R � y i |QV8\ �− �a�qoYV h V � i VX\k�

Sk ∈ S V8RfT h WsZpV8\ C� i � V8�kVXR � VXosWYV a′
k
oY\ A �kV Ga\kosVXRUV8\�R�osR[VXos\kV z h ZpRno �

Dk := ((dt,j)1≤t≤l,1≤j≤N)k, k = 1, . . . , K,

R PS~ VXo (dt,j)k
�kVXR&t h �LoYt h WsV hbi PSRnV h WsWYV8R x i tzykos\kT'��WYosTS\kt,VX\ Z j �kV j c Rp�dG �LV j s[1, t] OQPS\

s[1, l] t,osZ7�kV8\'V8R j ZUVX\ j
h y h WxZpVX\,�kV j �9WsoYTS\qt V8\}Z j A �}V8\k�kVX\q� h \ c P j osZposPS\ j �kVXR � V8oYWYV a′

k
�

j VXo Ch VXo%$ ��� � 	 � � > 0 �qVXR " V8RnZX�ct oxZ �kV8t�� hQj l oY\qrCykTQVX\ VXos\kVXR � y i |QV oY\ V8oY\kV8R h V�� i VX\q� ~ V j ZpR h rNZR�osRU� � i \k� 3 � ��� � 	 � � > 0 �kV8R�VX\ Z j ykRUV i TkVX\k�qV " V8RnZ�rCykR��qVX\ " V i T j V8WL�qVXR ��V8rCVXRnVX\k� j V � i VX\k�
ost z h � Ch VXo

Gk(j) :=

{

0 , r h WsW j ak,j = � − �
gapcost , j PS\ j Z

� XwCYO �

�qVXR�" VXRnZX��t oxZ&�kV8t � h�j l os\qrCykTSV8\�V8oY\kV8R � y i |QV,oY\4�qVXR �9\qrCR h TSV j V�� i V8\k�,~�V j ZpR h rNZ.R�oYRn� C
	 h WsW j oYt �9WsoYTS\qt V8\}Z h \ �kV8R VX\ Z j ykRnV i TkV8\k�kVX\ c P j osZposPS\>~ VXRnVXosZ j VXos\kV � y i |�V6VXoY\qTSV8rCykT�Z[o j Z��
j PSWYWE�koYV j \qo i T Z�~�V j ZUR h rNZ R VXRU�qVX\ Ch VXo w := (wi,j)1≤i,j≤n

VXoY\qV h*i PSRnoY\kTSt h ZURUo ��� �koYV � V8�kVXt c$hSh R OQPS\ h �Lt�~�PSWsVX\
(σi, σj) ∈ Σ × Σ V8oY\kV8\�~ V j Zpost t�ZUVX\ " VXR Z�� i PSRn�k\kV8Z CF h \k\	W hQjUj VX\ j o i T	�kosV z h ZpRnoY�XV8\ Dk(t, j), k = 1, . . . , K R�osV rCPSWsTQZ{RUVX| i R j oxO�� � VHR VXosW j OSPS\
WsoY\k| j PS~ VX\�\ h i T�RUV i T Z j{i \ ZpVX\E� ~ VXRnV i Tk\qVX\ �

Dk(t, j) = max







































0
Dk(t − 1, j − 1) + w(st, ak,j)
Dk(t − 1, j) − $ ��� � 	 � �
Dk(t, j − 1) − Gk(j)
Dk′(t − 1, j − 1) + w(st, ak,j) −

3 � ��� � 	 � � , ∀k′ 6= k
Dk′(t − 1, j) − $ ��� � 	 � � − 3 � ��� � 	 � � , ∀k′ 6= k
Dk′(t − 1, j) − Gk(j) −

3 � ��� � 	 � � , ∀k′ 6= k.

� XwC X �

F VXR t h �LoYt h WYV l oY\ ZUR h T�oY\ h WsWYV8\ z h ZURUos�XVX\ Dk, k = 1, . . . , K h \ c P j osZUoYPS\ (l, N) TSos~qZ�qVX\ x i tykoY\qT��w��WYoYTQ\kt V8\ Zn� h*i PSRnV �qVXR&��\qrCR h TQV j V � i VX\k� s t,osZ��kVXt�t i WsZUo ykWsVX\ h V�� i V8\k� h �WsoYTS\qt V8\}Z A R�osVX�kV8R C	m ~ VXR j i TkRnVXoxZpV8Z�VXR�V8oY\kV TSV8VXoYTQ\kV8Z�� i R��gTkWYV8\k�kV hbi TkR h \k|QV���TQV T Z{t h \
� h OQPS\ hQikj �a� hQjUj �koYV6��\qrCR h TSV j V�� i VX\q� z�oxZpTSWsoYVX�'�kVXR c RUPQZUVXos\qr h t,oYWYosV�o j Z C
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 V{X
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uwt l V8TSVX\ jph ZU�'� i VXos\kVXt c RUPdGaWx� I z	z ~�V8RUy i | j o i T ZpoYT�Z�V8oY\ x i tzykos\kT��9WYosTS\kt,VX\ Z �kosV,os\
VXos\kVXt�z h ��TSVXTQVX~ VX\kV��A	 �#�@91	1�A����+ ����� 8 	 � � �����.	1� � F i R i T�� hQj y hSh R R�V8o j V6�9WYosTS\kt,VX\ Z[�kV8R
�9\qrCR h TSV j V�� i V8\k�&� iM� VHR VXosW j VXos\kVXR ��V8rCV8RUVX\q� j V � i VX\k�6�qV j z h � R VXRn�kVX\ j P[R�PgTkW��qoYV{��VX�8oYV �
T i \kT ~ VX\ h i T}~ h RnZpV8R h � t ~ PSWYV oY\q\kVXRST h WY~�VXos\kVXR h V�� i V8\k�Q� h W j&h�i i T4|QPS\ j VXR O oYVXR ZpV�z ikj ZUVXR
oY\k\qVXRfT h WY~ VXoY\q�XVXWs\kVXR h i ~qr h t osWYoYV8\ ~ VXo��kVXR c RUPQZUVXoY\q| W hQjUj oEGa�8oYV8R i \kT�~�V8RUy i | j o i T ZpoYT�Z C<F i R i T
�koYV h yqRUyk\kTQV os\k\kVXRST h Ws~ �kV j ��WYosTS\kt,VX\ Z j o j Z � ikj ��Zp�8WYo i T �kosV'z m TSWYo i Tk|QV8osZ TSV8TSVX~ VX\ �,0�� � �
��� /���+ ���#� 8 	 � � �����.	1�4� i ~ VXRUy i | j o i T ZposTSVX\E��os\k�kVXtv~�V h i T ZpV8ZjR�oYRn��R VXW i TkV h � t ~ PSWsV h \��kV8R
VX\ Z j ykRUV i TkVX\q�kVX\ c P j osZUoYPS\ oY\ �qVX\ h \q�kVXRnVX\ h V � i VX\k�8VX\ OSPSRn|QPSt,t,VX\ C�F h � i R i TrR�osRU� � V �
�kP i T�ost l VXTSV8\ jph Zp� � i VXos\kVXt c RnPgGaW � I z z \qo i T Z hQi r$�koYV  {PS\ j V8RnO oYV8RnZfTkVXoxZ��kVXR h y h WsZpV8\
�kV j �9WYosTS\kt,VX\ Z j V8oY\kTSV8T h \kTQVX\ �
�kVX\q\ � � � � ��� ��� � � �kV8R��9\LrCR h TSV j V � i VX\k� t,osZ h � t ~ PSWYV8\
VXos\kVXR |QPQ\ j V8RnO oYV8RnZpV8\ h y h WsZpV�R VXRn�kVX\ os\ TQWYVXo i TkVXt z h � V�~ V j ZUR h rNZX��R�oYV � � � � ��� ��� � � t,osZ
VXos\kVXR[\ko i T Z j P j Z h Rn|>|QPQ\ j V8RnO oYV8RnZpV8\ h y h WsZUV6�kV j �9WsoYTS\kt,VX\ Z j Cl oY\ c RUPgGkWx� I z	z ~ VXRny i | j o i T ZUoYTQZ/�kosV	oYt z h � TSVXTQVX~ VX\kV	OQVXRnZUoY| h WsV	uw\qrCPSRnt h ZUoYPS\ j VHTkR
O oYVXW j Z��QRn|QVXR h W j V8oY\ x i tzykos\kT/�9WsoYTS\kt,VX\ Z C2F h � i R i T �
� hQjUj � VHR VXosW j �koYV I � i GaTS|�VXosZ h WsWYVXR
oY\>V8oY\kV8R h y h WsZUV9�kV j z h ��OQPSRU|�PSt t,VX\q�kVX\ h � t ~ PSWsV�~ VXRny i | j o i T ZUoYTQZ R�osRU� � | m \q\kVX\ j Z h RU|
|QPS\ j VXR O oYVXR ZpV/��V8RUV8o i TkV j V TkR�T i Z�OQPS\ ��VXTSosPS\kVX\ t oxZ TqPDTkVXR Q h RUo h ~kosWYosZp��Z i \ ZUVXR j i TkoYV8�kVX\
R�V8RU�kV8\ C
uwt rCPSWsTSVX\k�qVX\  h ykosZUVXW j ZpV8WYWsVX\ R�oYR V8oY\ z�P �kVXWsW�OSPQRX� � h�jUj �koYV Q PQRnZpV8oYWsV>�kVXR�~ VXos�kVX\)TSV �
\ h \k\ ZUVX\Gz�V Z9TkP �kVX\ OQVXRnVXoY\ ZX�:oY\q�kVXt V j�j P[R�PgTkW��kosV TkPQRUoY�8PS\ Z h WsV h W j�hQi i T �kosV OQVXRnZUoY| h WsV
uw\qrCPSRnt h ZUoYPS\ V8oY\kV j z h � rCykR � hQj �9WYosTS\kt,VX\ Z VXos\kVXR �9\LrCR h TSV j V � i VX\k� � i t z h � \ i Zp�8Z CF oYV j V j z�P �kV8WYW \kV8\k\kV8\ R�oYR[V8oY\ � � �#���%$ ���&� � ��' �)	*,+ � � - - C
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h V�� i V8\k�XV8\ OSPQ\ I u � i \k� I VHy h ZpoxZpo j � � � Q osRUVX\ W hQjnj VX\ j o i T oY\4OSV8R j i TqoYVX�qVX\kV � �*y VX\ � h i ~L�
Z	�*y�V8\ i \k� h i ~L� h i ~qZ	�*y VX\ |}W h�jUj o Ga�XosVXRnVX\ ���kosV/� i R i T TSWYV8o i Tk�8VXosZUoYTSV'uw\qrCVX| ZposPS\ V8oY\kV j uw\L�
�kosO os� iki t j t,osZ OQVXR j i TkoYV8�kVX\qVX\ � h i ~ � � �*y�V8\GRnVX|�PSt ~kos\koYV8RnZKR�V8RU�kV8\ | m \k\qVX\ C�F oYV TSVX\kP �
t o j i TkV8\ h V � i VX\k�8VX\��kVXR&� h � i R i T4VX\ Z j ZpV TqVX\k�kV8\ \qV i V8\ Q oYR ikj � � h i ~ � � �by VX\ j V8ZU�XVX\ j o i T
j PSt,osZ hQikj h V�� i V8\k�XV8\�OQVXR j i TkosVX�kV8\kVXR h i ~LZ	�by VX\ � ikjph t,t,VX\ C?� oYV8W
o j Z9V j � rCykR9V8oY\kV i \}~�V �
j ZUoYt,t�ZpV��Et m TSWYo i TkVXR R�V8o j V RUVX|�PSt ~kos\ h \ ZpV h V � i VX\k� � >�� 8 � � $ � � ��� � ���%9 � �qoYV h i ~LZ	�by VX\ � i
~�V j ZUoYt,t V8\ � hQikj �kVX\kV8\ j osV j o i T	� ikjph t t,VX\ j V8ZU�8Z�� i \k���koYV VX\ Z j ykRnV i TkV8\k�kVX\ ��V8RUVXo i TkV�os\
�kVXR h V � i VX\k� � i oY�kV8\ ZpoEGk�XoYV8RUV8\ C
" oYR[\kVHTkt,VX\ h \ �<R�oYR T h ~ VX\�VXos\kV h V�� i V8\k�8r h t osWYoYV S := {S1, . . . , SK} TSV8TSVX~ VX\��kosV j o i ToY\ K ′ h i ~LZ	�by VX\ S1, . . . ,SK′

i \ ZpVXR ZpV8oYWYV8\4W � jnj ZX� j P/� hQjnj � VX�kV h V � i VX\k� Si
� i TSV8\ hQi VXo �

\kVXt h i ~qZ	�*y Sj
TSVHT m R Z C h VXo A � hQj t i WsZpoEykWYV h V � i VX\k� h WYosTS\kt,VX\ Z �koYV j VXR 	 h t osWYosVQ�:� hQj

j o i T�V8\}Z j ykRnV i TkV8\k�4�kV8R h i ~qZ	�*y�V8\ os\ K ′ � � : ��+?�@$�� � ���A� �6i \ ZpVXR ZpV8oYWYV8\/W � jnj Z C	h VXo s[1, l] VXo �\kV �9\qrCR h TSV j V�� i V8\k�Q� �kV8RUVX\ ��VX|QPQt ~koY\ h ZposPS\ hQikj �kV8\ TSV8TSVX~ VX\kV8\ h i ~qZ	�*y�V8\ os�kVX\ Zpo Ga�XosVXR Z
R�V8RU�kV8\ j PSWYW CF oYV"5jTk\kWYo i Tk|QV8osZ��kV8R��9\qrCR h TSV j V�� i V8\k� � i � VX�qVXt �����%9 ��+?� ��� h i ~qZ	�*y �kV8R 	 h t osWYoYV,| m \L�
\kVX\ R�oYR6~ V j ZpoYt,t,VX\ � os\k�kV8t R�oYR8�?R�oYV�oY\  h ykoxZpV8W O ~ V j i TkRUosVX~ VX\ � V8oY\ c RnPgGaW � I z z �qV j
VX\ Z j ykRUV i TkVX\q�kVX\ h i ~ h WYoYTQ\kt V8\ Z j VX\ Z R�o i |�VXWY\E� i \k�'�kVX\ Q osZUVXRU~qox� c r h �,�kV8R h V � i VX\k�&� i R i T
�koYV j V j c RUPgGkWx� I z	z ~�V j Zpost t,VX\ C ��t \ i \ OQVXR j i TkosVX�kV8\kV ��V8RUVXo i TkV,�kVXR h V�� i V8\k� � �A� � � �
� ���%� � � +?� ��� ��� h i ~qZ	�*y�V8\	� i PQRU�k\kV8\ � i | m \k\kVX\E� \ i ZU�XV8\ R�oYR[V8oY\kV Q VXR h WYWsTSVXt,VXos\kVXR i \kT �kV8R
uw�kVXV,�kV j x i tykos\kT��w��WYosTS\kt,VX\ Zn� �9WYTQPSRUoxZfTkt ikj � x � � u � �  h y C�X � ��" osR6W hQjnj V8\ m ~�V8RUT �Q\qTSV
�HR�o j i TkV8\ �kV8\ c RnPgGaWx� I z	z j �kVXR�V8oY\k�8VXWs\kVX\ h i ~ h WYosTS\kt,VX\ Z j OSPS\ A � i � j P � hQjnj?� VX�kV c P j o �ZposPS\ �kVXR���\qrCR h TSV j V�� i VX\q��� i � V R�V8oYW j VXoY\qVXt h i ~ h WsoYTS\kt,VX\ Z$OSPS\ A WYPQ| h W h WsoYTS\kosVXR Z�R VXRn�kVX\| h \k\ C�h PSW i T4V8oY\kV8\ m ~ VXRnT h \kT>� R�o j i TkVX\��HR VXo:OQVXR j i TkosVX�kV8\kVX\ c RnPgGaW � I z z j \kV8\k\kVX\�R�osR
oY\/�9\qWYV Tq\ i \kT h \ x � � u�VXos\kVX\�� � � � �%$ � VX\kTSW C 3 � ��� � CF hQj z�P �kV8WYW � � hQj R�oYR>� i R i T Q VXRn~koY\k�qVX\ �kV8R c RnPgGaW � I z z j h WsWYVXR h i ~ h WYoYTQ\kt V8\ Z j OQPS\
A � i R i T �koYV j V m ~ VXRUTS�Q\kTSV�VXRST h WsZUVX\ �7o j Z,VXos\ I z	z �7� hQj R�oYR�VXos\ � � �#���%$ ���&� � �(' �)	*,+ �
� - - � V8\kTSW C 3 � ���&���%$ � �)	*,+ � � - - � �?3 � � - - � \kV8\k\kV8\ C l oY\kV Q PQRfTkV8R jph TSV yk~ VXR �kosV

V%�
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��VX|�PSt ~kos\ h ZUoYPS\ �kV8R��9\LrCR h TSV j V � i VX\k� h�ikj �qVX\ TQVXTSV8~�V8\kVX\ h i ~qZ	�*y�V8\ | m \q\kVX\rR�osR t,osZ �
TqoYWsrCV��kV j Q osZpV8RU~ko � c r h �kV j �qVXR h V�� i VX\q�>� i R i T � hQj � y I z	z ZURUV 
EV8\ � F h � VX�kV8R � ikj Z h \q�
�qV j Q osZUVXRU~qox� c r h �qV j � i VXoY\qVXt ~ V j ZUoYt,t�ZpV8\ c RnPgGaWx� I z	z TSV T m RnZX�a| m \k\qVX\ R�oYR � V8�kVXR c P��
j osZUoYPS\)�kV8R h V � i VX\k� �kVX\ h i ~qZ	�*y � i PSRU�q\kVX\ �7� i �kV jnj V8\ c RUPgGaW � I z	z �qVXR � ikj Z h \k� ostQ osZUVXRU~qox� c r h �/TSVHT m R Z��I�kVXR�� hQj h � t ~ PSW h \ �kosV j V8R c P j oxZposPS\�V8t oxZUZUoYVXR Z T h ZX� i \k�	VXRST h WxZpVX\
j P��koYV ��VX|�PSt ~kos\ h ZUoYPS\ �kVXR h V � i VX\k� C	F hQj �9WsoYTS\qt V8\}Z �kV8R h V�� i V8\k� s[1, l] � i t z h � A �� hQj � i R i T �kV8\ Q osZUVXRn~kox� c r h � �kV8R h V � i VX\k�6� i R i T � h�j2� y I z	z��kV Ga\koYV8RnZ�o j ZX�L\qVX\k\kV8\�R�oYR
R�osV6oY\ x � � u � hQj < � ���&���%$ >�+?�@$�� � ���A� C

���$� ���������9�!�9"4� �#�$���&%�� � ' - - %

h VXo S := {S1, . . . , SK} VXos\kV h V�� i V8\k�8r h t osWYoYV�� �qoYV j o i T oY\ K ′ h i ~qZ	�*y VX\ S1, . . . ,SK′i \}ZUVXR ZpVXosWYV8\�WY� jUj Z�� j P � h�jUj`� VX�kV h V � i VX\k� Si
� i TQVX\ hQi VXos\kVXt h i ~qZ	�*y Sj

TSV T m RnZ C)l j TSosWsZ
h W j P

Si ∩ Sj = ∅ ∀i 6= j,Si,Sj ⊂ S i \k� K′

⋃

i=1

Si = S.
� VwCEB �

� ({^�& -�1#- = & v : + �����
A = (ak,j)1≤k≤K,1≤j≤N , ak,j ∈ Σ ∪ {−}

� � � � � +?��� �&+ � ����� � ���%9 ��+?�@$�� � ���A� � � � 	���� ��+?� � S B
����� Sk, k = 1, . . . , K, ��� ������ � ���%9���� S �,��� ��� ����� � ����� � � ����� ��� ��� ��+�+ � � � H � / ��� ��� � � �
k ��� ����� ����+ �!� � � >�+?�@$�� � ���A� � A � ��� ��+?� B
( ���A� � � � � � � � � : ��+?�@$�� � ���A� Ai

��� A � � � ����� � ���%9 ���"� � � � � : ��� � � Si ⊂ S ��� A � ��,�A� � �#�
� � �����

Ai := (ak,j)Sk∈Si,1≤j≤N

� V<CYO �
l os\ ��VXo j ykosVXW}rCykR:V8oY\ ��WYosTS\kt,VX\ Z:t,osZ$�HR VXo h i ~ h WYoYTQ\kt V8\ Z j o j Z:oY\���~k~kosWY� i \qT V<C B TSVXTQVX~ VX\ C

� ({^�& -�1#- = & v : \ ����� Sk
��� � ����� � ���%9 ��� S � ��� � � ��� � � ����� � � ����� ��� ��� ��+�+ � � � H � / ��� ���

� � � k ��� ��� � ����+ �!� � � >�+?�@$�� � ���A� � A � ��� ��+?� B
����� Ai

����� � � : ��+?�@$�� � ���A� ��� A � �&� ~ai
j
� � � j ���	� � � ��+?� ���A0�� /1��	 � ��� Ai

B)( ���A� � ��,�A� � �#�
|~ai

j| := #{ak,j | ak,j 6= � − � , Sk ∈ Si}, ∀j = 1, . . . , N.
� V<CYX �

��� � >��%9 � �%+ ��+�+ � � � � � : 	1+ � ��� � � � j ���	��� � � ��+?�	�!0�	1� Ai
B

� i t  {PS\ j VX\ jnikjUj y h WsZUVX\k|}RnosZpV8RUo i t c
� j oYV TqV  h y C?O � ObCYX � rCykR�VXos\kV h y h WsZUV j VXos\kV j h i ~ h �WsoYTS\qt V8\}Z j �kV Ga\koYV8RUV8\�R�osR[VXoY\�� iqj ��ZU�XWYo i TkV j  6RUoxZpV8RUo i t �l os\kV h y h WsZUV j VXos\kV j h i ~ h WYoYTQ\kt V8\ Z j Ai

o j Z TSVX\ hQi � h \q\ VXos\kV  {PS\ j V8\ jUiqjUj y h WsZUV oY\ Ai
�

R VX\q\ j oYV,� hQj  �PS\ j VX\ jUikjnj y h WxZpV8\k|}RUosZUVXRno i t c
� ObC X � VXRnrCyqWYWsZX��PL�qVXRLR VX\q\ �koYV,�9\k� h TkW �kVXRh �Lt�~�PSWsV6oY\/�kosV j V8R h y h WxZpV6t,oY\k�qV j ZUVX\ j TSWsVXo i T�V8oY\kV8R[~�V j ZUoYt,t�ZpV8\ h*i TkR h \q|QV t ≥ 1 o j Z C



� ����� �������	� � ������� � ��
�� ��� � � 
 V%N

� (%^�& -01#- =	& v :E3 ����� Ai
����� � �;: ��+?�@$�� � ���A�,��� A � �&� Ki

��� ��>��%9 � �%+ � � � � ����+ ��� ��� Ai
B

C ��� � � � ��+?� � j ��� Ai
� � � $ ��� � � � ���A� ����� �  {PS\ j VX\ jnikjUj y h WsZUV ��� Ai

� � ���A�"$���+?�

(|~ai
j| ≥ c · Ki) ∨ (|~ai

j| ≥ t).
� V<C V �

F oYV j V j  6RUoxZpV8RUo i t rCy<TqRUVX\ R�oYR V8oY\ ��� h �kosV/�9\k� h TkW[�kV8R h V � i VX\k�8VX\ �qVXR OSV8R j i TqoYVX�qVX\kV8\h i ~qZ	�*y VX\ j V TkR j Z h RU|>O h RnoYosVXRUV8\/| h \k\ � j osV TkV  h y C)� � C " �gTkWYV8\�R�osR[� C � C h W j  {PS\ j V8\ jUiqj �
j y h WsZpV8\k|}RUoxZpVXRno i t c = 0.5 � j P6o j Z VXoY\qV h y h WxZpV V8oY\kV j h i ~qZ	�*y j t,osZ:�HR VXo h V � i VX\k�8VX\ ~�V8RUVXoxZ jVXos\kV  {PS\ j V8\ jUiqjUj y h WsZUVQ�gR VX\k\�V8oY\kV �kVXR ~ VXos�kVX\ h V�� i V8\k�XV8\ h \��koYV j VXR c P j osZUoYPS\ V8oY\ h � t ~�PQW
VX\ Z9Tk�QWsZ C uw\>V8oY\kV8t h i ~qZ	�*y ~ V j ZUV TkV8\k� hQikj B[�D� h V�� i VX\q�XVX\/t y jUj V8\ � h TSV8TSVX\'t os\k�kV j ZpV8\ j�g��h V � i VX\k�8VX\ VXoY\ h �Lt�~�PSW h \ �kosV j VXR c P j osZUoYPS\ VX\ Z9T h WsZUVX\ � � h t oxZ�� hQj  �PQ\ j V8\ jUikjnj y h Wx�
ZpV8\k|}RUosZUVXRno i t V8RnrCykWsWsZ/o j Z C F i R i T�� hQj  6RnosZpV8RUo i t t o j Z��kosV z m TSWso i Tk|�VXosZ�TSV8TSVX~ VX\E�{� hQj
 �PS\ j VX\ jUikjnj y h WxZpV8\k|}RUosZUVXRno i t c h ~k� ikj i T{R � i TqVX\ C� ikj � Zp�XWso i T � h � i t ikjUj rCPSWYTSV8\k�kV j c RUPQ~kWYV8t ~ V h i T}ZUV8Z�R VXRn�kVX\ � uwt �9WYosTS\kt,VX\ Z,| m \q\kVX\h i ~qZ	�*y VX\ V8\ Z9T h WxZpV8\ j VXoY\E�c�koYV7oY\ �kV8\ V8R j ZUVX\ ~q�HR C WYV Zp�8ZUVX\ h y h WxZpV8\LT h�i yqZ j � i TkWso i T � y i |QVX\
VX\ Z9T h WsZUVX\ C{F oYV j o j Z7~ VXok�qVX\ OSPS\ i \ j ~ V8ZUR h i T ZUV8ZpV8\ F h ZpV8\ �  h y C{� � os\ VXos\koYTSV8\ h i ~qZ	�*y VX\
hQi rCTSR i \k��rCVHTkWYV8\k�kV8R:�9\q\kPQZ h ZpoYPQ\ OQPS\ h V � i VX\k�8VX\,oYt��9\Lr h \kT j � i \q� l \k�k~ VXRUV8o i T �kV8R 	 h WsW CF h �kosV j V h y h WsZUVX\ |�VXoY\qV� �PS\ j VX\ jnikjUj y h WxZpVX\ j os\k� �~R�V8RU�kV8\ �kosV j VX\ h y h WxZpV8\ hQi i T�|QV8oY\kV � i �
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� ��� � iqj Z h \k� j R hQi t V8oY\kV j�� y I z	z j 8 H � � � � >�+?�@$�� � ���A� A � ��� K ′ � � : ��+?�@$�� � ���A� � B
� (%^�& -01#- =	& v : ! 	IH �=��� � � ��� �����&� � IB, IE, DB

� �&� DE
� ��,�A� � ����� � � �

col(DB) := 0,

col(IB) := 0,

col(IE) := N + 1,

col(DE) := N + 1.
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� � ���$� ��� � � ����� ��� ������� �!���� � ��� ������
	�� � 

F oYV � ikj Z��Q\q�kV VXos\kV j � y I z	z j6j oY\q� � R�osV rCykR&V8oY\ I z	z ��� i R i T m ~�V8RUT �Q\qTSV�OSV8RU~ i \k�kVX\E�
�qVX\kV8\ m ~ VXRUT h \kT j R h TqR j i TqVXoY\qWYo i Tq|QVXoxZpV8\ � i TSV8PSRU�q\kV8Z j oY\k� Cgm ~�V8RUT �Q\qTSV j oY\k���HR�o j i TkVX\�~ V �
j Zpost t�ZUVX\ � ikj Zp�Q\k�kV8\ ����� � ��c RnPgGaW � I z z j Pi

� �HR�o j i TkVX\ ~ V j Zpost t�ZUVX\ � ikj Zp�Q\k�kV8\ 0�� � �
� ���%� � � ��� � � c RnPgGaWx� I z	z j�i \k� OSPS\>~q�HR C � i �kV8\ � ikj Zp�Q\k�kV8\ B � IB

� IE
� DB

� DE
i \k� Et m TSWso i T C

	$ykR �kosV m ~ VXRnT �Q\kTSV=���A� � ��� ��+ : V8oY\kV j!� VX�kV8\ c RnPgGaW � I z z j Pi
TSV8WsZUVX\ �kosV9oY\" h y C_O � F V8r CO*CEB[� �ETSV8\ h \k\ ZpV8\���VX�kos\kT i \qTSVX\ C�F C T C rCykR&V8oY\ c RUPgGkWx� I z	z Pi
j oY\k� m ~�V8RUT �Q\qTSV�OSPQ\�V8ox�

\qVXt z h Z i TL� � ikj Z h \k� oY\ Zi
oY\ �qVX\ �kVXR j VXWs~�V8\  �PS\ j VX\ jnikjUj y h WxZpV�oY\ Ai

� i TSV8PSRU�k\qV8ZpV8\
uw\ j VXR Zn� � ikj Z h \k� i \k�,oY\ �kV8\ �kV8R7\a� i T j ZpVX\( �PQ\ j V8\ jUikjnj y h WsZpV{oY\ Ai

� i TSV8PSRU�q\kV8ZUVX\ z h Z i TL�
i \k� F V8WYV ZpV � � ikj Z h \k� �SOQPS\'V8oY\kV8t F VXWsV8ZUV � � iqj Z h \k� os\��kVX\ \a� i T j ZpVX\ z h Z i T � i \q� F V8WYV ZpV �� iqj Z h \k� � i \k� OQPS\ VXos\kVXt uw\ j VXR Zn� � iqj Z h \k� � i j o i T j VXWs~ j Z i \k� os\ �kV8\Gz h Z i TL� � ikj Z h \q�
�qVXR�\a� i T j ZpV8\  �PQ\ j V8\ jUikjnj y h WsZpV oY\ Ai

t m TSWso i T C
� � � � ��� ��� �kV8\ VXos\k�XV8WY\kV8\ c RUPgGaW � I z	z j �kV jK� y I z	z j>j oY\k� V8~�V8\qr h WYW j \ i R ~�V j ZUoYt,t�ZpVm ~�V8RUT ��\kTSV ~k�HR C � � � H%�%$ � t m TSWYo i T Cwl j TSosWsZ �l os\ h ykR i \qT,OQPS\�V8oY\kV8t c RUPgGkWx� I z	z Pi

oY\/VXos\ c RnPgGaW � I z z Pj
o j Z�\ i R�t m TSWso i T

 *+ OQPS\ VXos\kVXt � ikj Z h \k� zk ∈ Zi
oY\ V8oY\kV8\ � ikj Z h \k� zl ∈ Zj

�Q�qVXR:�qVXR �D� ��� � �	��� � � 8 col(zk)8 	1+ $ ���&� ���  �PQ\ j V8\ jUikjnj y h WsZpV oY\ Aj
� i TSV8PSRU�q\kV8Z{o j Z

 \ OQPS\�V8oY\kV8t � ikj Z h \k� zk ∈ Zi
os\�V8oY\kV8\ � iqj Z h \k� zl ∈ Zj

�a�kVXR{VXos\kVXR� {PS\ j VX\ jnikjUj y h WsZUV
oY\ Aj

� i TQVXPSRn�k\kV8Z9o j Z��a�kosV(�A� ���%� $�� � � � � � o j Z h W j �qoYV \a� i T j ZpV h�i r col(zk)
rCPSWYTSV8\k�kV

 �PS\ j VX\ jnikjUj y h WxZpV oY\ Ai

 d3 OQPS\�V8oY\kV8t�z h Z i TL� � iqj Z h \k��os\/VXoY\qVX\�z h Z i TL� i \k��VXoY\qVX\ F VXWsV8ZpV � � ikj Z h \q�
�
M → {M, D}

� � i \k� OSPQ\GV8oY\kV8t uw\ j VXR Zn� i \q�GV8oY\kV8t F V8WYV ZpV � � ikj Z h \k�)oY\ VXoY\qVX\
z h Z i T � � ikj Z h \k� � {I, D} → M

�

F oYV ��VXTSV8WY\  *+ i \k�  \ OQVXRSTkoY\k�qVXRU\E�S� hQjnj TSRUP jnj V���V8RUV8o i TkV[V8oY\kV j h i ~qZ	�*y j � yk~�V8R j ykR i \qTSVX\ �
R VXRn�kVX\�| m \q\kVX\ �a� C T C � hQjUj F V8WYV ZpoYPQ\kVX\/oY\ �qVXR��9\qrCR h TSV j V�� i V8\k� VXoY\qTSV8rCykT�Z R�V8RU�kV8\ �IPDTk\kV
� hQjUj � h rCyqR F VXWYV ZpV � � ikj Z��Q\k�qV h \kTSVX\qPSt t,VX\tR VXRn�kVX\ CF i R i T ��VXTSV8W  g3 R�osRU���koYV,�9\k� h TkW h \ t m TSWso i TkV8\ m ~�V8RUT ��\kTSVX\ i \k� j PSt oxZ �koYV,�9\k� h TkW
h \Gt m TSWso i TkV8\ c r h �kV8\ � i R i TG� hQjj� y I z	z OQVXRnRUoY\qTSVXR Z C F osV j o j Z \kPQZ R VX\q�koYT�� h t,osZ��koYV� hQi rC�XVXoxZ i \k���kV8R�~�V8\ m ZUoYTQZUV��9Rn~�V8osZ jUj y VXo i TkVXR7�kV j c RUPSTSR h t,t j � 	aPSWYT CdV<C BDB � rCykR h V � i VX\k� �
r h t osWYoYV8\4t oxZ6O oYVXWsVX\ h i ~qZ	�*y VX\ \ko i T}Z�� i TSRUP jnj R�osRU� C ��V8o �kV8R�� ikj R h TkW �kVXR t m TSWYo i TkVX\m ~�V8RUT ��\kTSV j ykosVXWxZpVX\ rCPSWsTSVX\q�kV m ~ VXRnWYVXT i \kTSV8\�V8oY\kV ��PSWYWsV �
	$ykR � VX�kV8\ � ikj Z h \q��V8oY\kV jjc RnPgGaWx� I z	z j Pi

t ikjUj V j t m TSWYo i T j V8oY\ �aos\/VXoY\qVX\ z h Z i T � � i �
j Z h \q� V8oY\kV j:h \q�kVXRnVX\ c RnPgGaW � I z z j Pj

� i j ykRnoY\kTQVX\ � r h WsW j �kosV ��VX�kos\kT i \qTSVX\ r1 i \k� r2 VXR��rCyqWYWsZ j oY\k� � i \k� j PSt oxZ7�koYV�\a� i T j ZUV c P j osZUoYPS\��kV8R ��\qrCR h TSV j V�� i VX\q�&� i �kVXt h i ~ h WYosTS\kt,VX\ Z
Aj
� i h WsoYTS\kosVXRnVX\ C " oYV hQi i T os\k\kV8RfT h Ws~ VXoY\qV j c RUPgGkWx� I z	z j/j os\k� h ykRnyk\kTSV �HR�o j i TkV8\

uw\ j VXR Zn� i \k� F V8WYV8ZUV � � ikj Zp�Q\k�kV8\�OQVXR j i TkoYV8�kVX\qVXR c RnPgGaWx� I z	z j�h�ikj TSV j i TkWsP jUj VX\ C	l ~ VX\qr h WsW j
h�ikj TSV j i TkWsP jUj VX\	o j Z{VXos\ h ykR i \kT'os\k\kVXRST h Ws~�V8oY\kV j F VXWsV8ZposPS\ j ~�V8RUVXo i TkV j ��� C T C	h ykRUyk\qTSV � R�ox�
j i TkVX\ � R�V8o F VXWYV ZpV � � ikj Z��Q\k�qVX\ OQVXR j i TkosVX�kV8\kVXR c RUPdGaWx� I z	z j j os\k�,\ko i T Z VXRUW hQi ~qZ Cb� ikj ��ZU� �



� ����� �������	� � ������� � ��
�� ��� � � 
 �bB

WYo i T	� h � i4j i TkWsoYV jnj V8\ R�osR&VXos\kVX\ h ykR i \qT>OSPS\ VXos\kVXt z h Z i TL��~k� R C uw\ j VXRnZ � � ikj Z h \q��V8oY\kV j
c RUPgGaW � I z	z j Pi

oY\ VXos\kVX\ uw\ j V8RnZn� � ikj Z h \k� VXoY\qV jKc RUPgGaW � I z	z j Pj
hQikj C!F oYV j j ZpVXWsWsZ � V �

�kP i T |�VXoY\qV,TQRUP jnj V l oY\ j i TkRp�Q\q| i \kT � h RX� � h � i R i T��koYV,z m TSWYo i Tk|QV8osZ VXos\kV j h ykR i \qT j OQPS\
VXos\kVXt uw\ j VXR Zn� oY\ V8oY\kV8\	z h Z i TL� � ikj Z h \k�/rCykR � VX�qV c P j oxZpoYPQ\ �koYV z m TSWYo i Tk|QV8osZ[V8oY\kV8R{uw\ j VXR��
ZposPS\4TSVXTQVX~ VX\ o j Z C�F VXR � ikjnj i TkW ikjUj �kosV j V8R m ~ VXRnT �Q\kTSV�T h Z j PQt oxZ6WYV8�koYTSWso i T l os\ � ikjnj hQi r
�koYV�" h TkR j i TkV8oY\kWso i Tk|�VXoxZ�V8oY\kV8R[uw\ j V8RnZUoYPS\ h \/�kVXR�V8\}Z j ykRnV i TkV8\k�kV8\ c P j osZposPS\ C

	:ykR �kosV � ikj Z��Q\q�kV B � IB
� IE
� DB

� DE
i \k� E T h ~�V8\ R�oYR ~ VXRnVXosZ j os\ ��~ j i Tq\kosZnZ V<C BDC B

VXos\koYTSV��kVXR7t m TSWYo i TkVX\ m ~ VXRUTS�Q\kTSV[TSV8\ h \k\ Z C*� ikj ��ZU�XWso i T�� i t m ~ VXRUT h \kT6OSPS\ B \ h i T DB
�

j os\k��OSPQt h Z h R Zn� � iqj Z h \k� B
m ~�V8RUT ��\kTSV�os\ h WsWYV z h Z i TL� i \k� F V8WYV ZpV � � ikj Zp�Q\k�kV �kVXR c RnPgGaW �

I z	z j Pi, i = 1, . . . , K ′, t m TQWYo i TE���koYV7�kV8R$V8R j ZpVX\  �PS\ j VX\ jnikjUj y h WxZpV �kV j V8\}Z j ykRnV i TkV8\k�kV8\h i ~ h WYoYTQ\kt V8\ Z j Ai
os\ A � i TSVXPSRn�k\kV Z j oY\q� � i \k�4oY\	�qVX\4uw\ j VXRnZ � � ikj Z h \q� IB

C?m ~�V8RUT �Q\qTSV
oY\/�kV8\ l \k�L� � ikj Z h \k� E j oY\k�E�k� ikj ��Zp�8WYo i T�� i �kV8\ m ~�V8RUT �Q\qTSVX\/OSPS\ IE

\ h i T E i \k��OQPS\
DE

\ h i T E �}OSPQ\ h WYWsVX\>z h Z i T � � ikj Z��Q\k�qVX\ �L�koYV��kVXR WsV8ZU�8ZpV8\  �PQ\ j V8\ jUikjnj y h WsZpV6V8oY\kV j h i ~L�h WYosTS\kt,VX\ Z j Ai
oY\ A � i TSVXPSRn�k\kV Z j oY\k� �qt m TQWYo i T Cl oY\���VXo j ykosVXWErCyqR[VXoY\ � y I z	z rCykR[VXos\ t i WsZUo ykWsV j h V�� i V8\k� h WsoYTS\qt V8\}Z{t,osZ��HR VXo h i ~qZ	�*y VX\

o j Z oY\ ��~k~ C`V<C B TSV8TSVX~ VX\ C �9~k~ C�V<CPO �8VXosTQZ �kosV h WYWsTSt,VXoY\qV,��R i TkoxZpV8|}Z i R VXos\kV jj� y I z	z j �
R�PQ~�V8o �kVXR m ~�V8R j o i T ZJT h WY~ VXR�\ i R[VXoY\ � VXosWE�kV8R[t m TSWYo i TkVX\ m ~�V8RUT ��\kTSV i \k� h yqRUyk\kTQV6VXoY\ �
TSVX�8VXo i Tk\kV8Z�o j Z C_F oYV c rCVXoYWsV h \/�kVX\ F VXWsV8ZUV � � iqj Z���\k�kVX\ DB

i \k� DE
�qV i ZUVX\ �qoYV Q osVXWs� h TkW

�kVXR[rCykR[�qoYV j V � ikj Zp�Q\k�kV t m TSWYo i TkVX\ m ~�V8RUT ��\kTSV h \ C

� (%^�& -01#- =	& v : & < |?q� - &!')(*& 5 ( u ]  #=_^�/�794 -65�5 (*&�798;:< #�)=b>?798;= 5 (*/6/ @
����� Z+ := Z ∪ {B, E} � Z− := Z\{IB, DB, IE, DE}

� �&�
Z ′ := {zk ∈ Z | typ(zk) = D} ��� � - ���%$ � ��+�+ � � � � � ��� ��� � ��� �����&� ����� Z B ������8 H � ����� ���
� ��� � ���&� z ∈ Z− S(z) � � � � �;: ���#� ��� S � 9 � � � � � ��� � ��� �����&� � � � � � � � �4� ��� � ���&� z $ � �
� � �#� � � �&� AS(z)

� � � ���A� � � ������� ���&� � � �;: ��+?�@$�� � ���A�,��� A B
C ��� j yqRUoY\qTSVX\k�qV j c RnPgGaWx� I os�k�kVX\ � z h Rn|QPcO � z�P �kV8WYW � � y I z	z � � � � ����� � - - � ��� ' ��� ��� � �
� � �#� M = (Σ+, Z+, T , E) �A8 H � � � � 8 	1+ $ ���&� � ��� �����%$ � �%$ ��� � ��8 H%+�+?� � ���&� G

� B � ∀zk, zl ∈ Z− � ��� S(zk) = S(zl)
� ��8 H%+�+ � tzk,zl

��� ����� �����%$ � �%$ � � B&��� �

� B � � ���,8 H ����+�+ � zk ∈ Z jk
��� � �D� ��� � �	� � � 8 col(zk)

8 	1+ $ ���&� �*
 	1� � ��� ����� � � ��+?� � ���
AS(zk)

� � B � B jk := min
k>col(zk)

{

k
∣

∣ |~ai
k| ≥ c · Ki,Si = S(zk)

} B
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 � � � ��� 	 ��� ��������	������������	�������� � �

( ���A�"$ ��+?�	� ∀zk, zl ∈ Z− � ��� S(zk) 6= S(zk)

tzk,zl
= 0 8 ��+�+ �































































zl ≺A zk,	�� � � (typ(zk) = M) ∧ (typ(zl) = I)
	�� � � (typ(zk) = I) ∧ (typ(zl) = D)
	�� � � (typ(zk) = D) ∧ (typ(zl) = I)
	�� � � typ(zk) = typ(zl) ∈ {I, D}
	�� � � col(zl) > jk,

	�� � � ∃zi ∈ Z− :















(S(zi) = S(zl))
∧ (zk ≺A zi ≺A zl)
∧ (col(zi) < jk)
∧ (typ(zi) = typ(zl)).

� B � 8 H � ��+�+ � zk ∈ Z− $ ��+?� �

tB,zk
= 0, 8 ��+�+ � ∃zi ∈ Z− :







(S(zi) = S(zk))
∧ (zi ≺A zk)
∧ (typ(zi) = typ(zk)),

tzk,E = 0, 8 ��+�+ � ∃zi ∈ Z− :







(S(zi) = S(zk))
∧ (zk ≺A zi)
∧ (typ(zi) = typ(zk)),

�DB � 8 H � ��+�+ � zk ∈ Z+ $ ��+?� �

tzk,B = 0, ∀zk ∈ Z+,

tB,IE
= tB,DE

= 0,

tIB ,zk
= 0, ∀zk ∈ {DB, IE, DE, E},

tIE ,zk
= 0, ∀zk ∈ {DB, IB, DE},

tDB ,zk
= 0, ∀zk ∈ {DB, IB, IE, DE, E},

� �&� tDE ,zk
=

{

0, ∀zk ∈ {DB, IB, IE, DE}.
1, 8 ��+�+ � zk = E.
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AATTG
AA−TG
AC−TT

ACATG
CCACG Subtype 2

Subtype 1

A− − A t t g

A− − C − t t

a − − c ATG
c − − c ACG

A− − A − t g

Subtype 2

Subtype 1

ATTAAG            querySequence
  −−−−−−−−−−−−−−−−−

  −−−−−−−−−−−−−−−−−−

A

C

G

T

A

C

G

T

A

C

G

T

A

C

G

T

A

C

G

A

C

G

T

A

C

G

T

A

C

G

T

A

C

G

T

A

C

G

T

A

C

G

T

A

C

G

T

A

C

G

T

A

C

G

T

A

C

G

T

M

2,3

A

C

G

T

I
A

C

G

T

A

C

G

T

T

ATTAA− G            querySequence

1 1 1 1 2 2 2           reference subtype

1,1I 1,2I I 1,3

M M M

I

E

I2,1 I2,2 I

D D1,4

2,4I

M M M M

D2,42,1 2,2

B

1,1

1,4M1,3

1,3

1,21,1

2,32,22,1

2,3D

2,52,4

D D D2,5

1,2D D

viterbi path (gives us the alignment of the query to the alignment):

I1,1 I1,11,1M M1,2 M2,3 D2,4 M2,5

�9~k~qoYWY� i \kT VwCEB � l oY\���VXo j ykosVXW}rCykR:V8oY\ � y I z	z-rCykR$VXos\�z h �GOSPS\ � R�V8o h i ~qZ	�*y VX\ CgF VXR:VXR j �
ZpV h i ~LZ	�by�~ V j ZUV T Z hQikj �kRnVXo F�� �{� h V�� i VX\q�XVX\ t oxZ9O oYV8R  {PS\ j VX\ jnikjUj y h WsZUVX\ � �kV8R �HR VXosZUVh i ~qZ	�*y hQikj � R�V8o h V�� i V8\k�XV8\ t,osZ rCyk\qr� �PS\ j VX\ jUikjnj y h WxZpV8\ C x VX�kV8R,z h Z i TL� i \k�)uw\ j VXRnZ �� ikj Z h \k��ZpRp��TQZ�VXos\kVX\ Q VX| ZpPSR[OQPS\�O oYV8R l t,o jnj osPS\ j R h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\�rCykR��koYV � i |}WYVXP �
Zpos�kV9� � � � l i \k� �.CwF oYV c rCV8oYWsV j ZUVXWsWYVX\'t m TQWYo i TqV m ~�V8RUT �Q\qTSV&�HR�o j i TkV8\/�kVX\ � ikj Z��Q\k�qVX\
� h R CgF V8R m ~ VXR j o i T}Z`T h WY~ VXR j os\k� \ i R V8oY\kosTSV �kVXR t m TSWso i TkV8\ m ~�V8RUT ��\kTSV h \kTSVXTQVX~ VX\ C � i i T
�koYV F VXWYV ZpV � � ikj Z��Q\k�qV DB

i \k� DE
j os\k� \ko i T Z h \qTSVXTSV8~�V8\ C2F osV i \}ZUVXR j i TkosVX�kWso i TkV F o i |QV

�kVXR c rCVXosWYV7�kV i ZpV8Z hQi rq�koYV l R m jnj VX\ OQVXRfTk�QWsZU\ko jnj V �kV8R m ~�V8RUT h \kT j R h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\ TkoY\ C
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h VXo:V8oY\kV �9\LrCR h TSV j V � i VX\k� s[1, l] TSVXTSV8~�V8\ C�F h \k\	| h \k\ t oxZ9TkosWsrCV6�kV j Q oxZpVXRn~kox� c r h �kV j �kV8Rh V�� i VX\q�6� i R i T � hQj2� y I z	z VXos\kV Q PSRfTkV8R jUh TSV9yq~�V8R �koYV ��VX|QPQt ~koY\ h ZposPS\ �qoYV j VXR h V�� i V8\k�
h�ikj �kVX\�oY\/�kV8R
	 h t,oYWsoYV S TSVXTQVX~ VX\kV8\ h i ~LZ	�by VX\�TSV8ZURUP�
�VX\tR VXRn�kVX\ �h VXo v[1, r] �kVXR Q osZUVXRU~qox� c r h ���kV8R h V�� i V8\k� s[1, l]

C�x VX�kV8R � ikj Z h \k� �qV j c r h �kV j v o j Z VXo �\qVXR h y h WxZpV�VXos\kV j ~ V j ZpoYt,t�ZUVX\ h i ~ h WYoYTQ\kt V8\ Z j Ai
os\ A i \q� j PSt oxZ6VXos\kVXt ~�V j Zpost t ZpVX\h i ~qZ	�*y Si

�kVXR 	 h t osWYoYV S � i TQVXPSRn�k\kV8Z C �&RU�q\kVX\tR�oYR � VX�kV8R c P j osZUoYPS\ �kVXR��9\qrCR h TSV j V�� i V8\k��qVX\ h i ~qZ	�*y�� i ���kV8t �kV8R � iqj Z h \k� oY\ v � �kVXR6� hQj h � t ~�PQW h \ �koYV j V8R c P j osZUoYPS\4V8RU�XV i TQZX�� i TSV8PSRU�k\qV8Z o j Z�� j P/VXRfT h WsZUVX\4� hQj < � ���&���%$ >�+?�@$�� � ���A�{�kVXR6��\qrCR h TSV j V�� i VX\q� � i t z h �
A i \q��oETkRUV ��VX|�PSt ~kos\ h ZposPS\ hQikj �kV8\ h i ~qZ	�*y�V8\ �kV8R�	 h t osWYoYV S CF VX\ Q osZpV8RU~ko � c r h ���kVXR h V � i VX\k� s[1, l] | m \q\kVX\ R�osR�t,osZfTkoYWxrCV&�kV j oY\  h y C2B �I�9WsTSP C�BDC XwB �h \kTSVXTQVX~ VX\kV8\ Q osZUVXRn~kox� �9WYTQPSRUoxZ9Tkt iqj ~ VXRUV i Tk\kV8\ � � h V8oY\ � y I z	z VXoY\ I z	z o j ZX� � hQj ~ V �
j Zpost t�ZUV[� ikj ��Zp�8WYo i TkV{��VX�kos\kT i \qTSVX\,VXR rCykWYWxZ C �{t � h ~ VXoI� hQj os\,��~ j i Tq\kosZnZ ObCYO ~�V j i TkRnoYVX~ V �
\qV c RUPQ~kWYV8t��kVXR
t m TSWYo i TkVXR R�V8o j V�� i TQRUP jnj VX\��9\k� h TkW h \�z i WsZUo ykWsoY| h ZUoYPS\kV8\&oY\ �kV8R Q osZUVXRU~qox�
��VX| i R j osPS\ � i OQVXRUt,VXos�kVX\E� rCywTkRUV8\LR�oYR��qVX\ Q osZUVXRU~qox�w��WYTSPQRUosZfTkt ikj R�oYV�rCykR VXos\ c RnPgGaWx� I z	z
rCyqR��koYV�WsPST�� ZUR h \ j rCPSRnt osVXRnZUVX\�" VXR ZpV7�kV8R Q osZUVXRU~qox� Q h RUo h ~kWYV8\9� i R i T C~F C T C R�oYR�\ i ZU�XVX\ �kVX\ oY\
��WYTSP C*ObCEBW� ~ V j i TqRUoYV8~�V8\kVX\/WsPST�� Q osZUVXRU~qox�w��WYTSPQRUosZfTkt iqj$i t �kV8\ Q oxZpVXRn~kox� c r h ���kVXR h V�� i V8\k�
s[1, l] � i ~�V8RUV i Tq\kVX\ C	F h ~�V8o t ikjnj V8~�V8\qr h WsW j �kosV ��VXo TqVX\qrCPSWsTSV&~ VXRny i | j o i T ZUoYTQZ R VXRn�kVX\ �Ios\�qVXR��kosV Q osZUVXRn~kox� Q h RUo h ~kWYV8\ δ̃z,i

rCykR�VXos\kVX\�~ V j ZpoYt,t�ZUVX\ � V8osZ9y i \k| Z i ~�V8RUV i Tk\kV8Z R VXRU�qVX\ � j P� hQjUj rCykR$VXos\kVX\ j Z i t,t V8\ � ikj Z h \k� z \ko i T Z hQi rI\kP i T \ko i T}Z ~�V8RUV i Tq\kV8ZUV " VXR ZpV � i TSV8TSRUo 
EV8\
R VXRn�kVX\�| h \k\ � j osV TkV ��V8t C?BDCPOgO � �x V8�kVXR � ikj Z h \k� z ∈ Z\{IB, DB, IE, DE}

o j Z TSV8\ hQi VXoY\qVXR h y h WxZpV j VXos\kV j h i ~ h WYosTS\kt,VX\ Z j
Ai
oY\ A i \k� j PSt,osZ �kV8R h y h WxZpV j oY\ A � i TQVXPSRn�k\kV8Z C x VX�kV8R � ikj Z h \k� z �kV j � ikj Z h \k� j �R hQi t j Z+ �kV j � y I z	z j o j Z h W j P TQVX\ hQi VXos\kVXR h y h WsZUV j oYt��9WsoYTS\kt,VX\ Z A � i TSV8PSRU�q\kV8ZX�i \k��R�oYR | m \q\kVX\/�kosV9oY\ � ObC Z � rCykR��kV8\ � ikj Z h \k� j R hQi t Z+ VXoY\qV j c RUPdGaWx� I z	z j �kVHGk\koYV8RnZpV

�&Rn�k\ i \kT j RUVXW h ZposPS\ ≺A
h�i r:�qVX\ � ikj Z h \k� j R hQi t Z+ V8oY\kV j�� y I z	z j yk~ VXR ZpR h TSVX\ CF h � R�o j i TqVX\ � ikj Z��Q\q�kVX\�OSVXR j i TkosVX�kV8\kVXR c RnPgGaW � I z z j �qV j � y I z	z j � �koYV��kV8R TQWYVXo i TkVX\h y h WsZUV oY\ A � i TSV8PSRU�q\kV8Z j os\k� ��|QVXos\kV h ykRnyk\kTSV[t m TSWso i T j oY\k� � j osV TkV F V r CDV<C n � ��| m \q\kVX\ R�oYR�qoYV � ikj Zp�Q\k�kV oY\ Z VX\ Z j ykRnV i TkV8\k���kVXR h y h WxZpVX\ oY\ A �kVX\kV8\ j osV � i TSP VXRn�k\kV8Z j os\k� j PSRnZUoYVXRnVX\ �i \k�>VXRST h WxZpVX\ j P V8oY\kV{ZpPDy PSWYPQTSo j i TkV h PSRnZUoYV8R i \kT �kV j h i ~L� � ikj Z h \k� j TSR h ywTkVX\ G = (Z, T ′)

C
h VXoYV8\��koYV � ikj Z��Q\q�kV�oY\ Z OSPS\ 1 ~ko j m oY\k�qoY�XosVXR Z��Q� C T C j VXo Z := {z1, . . . , zm}

C 	:ykR � V�� R�V8o� iqj Z���\k�kV zi, zj ∈ Z TSVXWxZpV
i < j, r h WsW j zi ≺A zj

� V<C n �
F h \k\ | m \q\kVX\MR�oYR��kV8\ Q osZUVXRn~kox� c r h �&�kVXR h V�� i VX\q� s[1, l] t,osZfTkoYWxrCV$�qV j + 	 $��1����� � � : � ��>�+ $%	 �#��� � � ����  h y C)O �a��WYTSP C_ObC B[� � ~ VXRnV i Tk\kV8\ C
� (*pr(% #��$!&!' v : +
	 	:yqR�V8oY\kV8\ � ikj Z h \k� z ~ VXRnV i Tk\kV8\ R�oYR��kosV(+ 	 $��1����� � � : � �1� ���#� � : + � δ̃z,i� i VXoY\qVXtv~ V j Zpost t�ZUVX\ � V8osZfy i \k| Z i �koY\k�qVXt R�osR�� h�j z h �LoYt i t � j oYVHTkV6�9WsTSP CwObC B[� � yk~ VXR
h WYWYV Q PSRUT ��\kTSVXR�OQPS\ z ~koYWs�kVX\ CWF h V8oY\�z h Z i TL� � ikj Z h \q� T m i T j ZUVX\ j �kRUV8o � ikj Zp�Q\k�kV oY\ � V8�kVXtc RnPgGaWx� I z	z �kV j_� y I z z j i \k���kVX\ F VXWsV8ZpV � � ikj Z h \q� DB

h W j Q PSRUTS�Q\kTSV8R!T h Z�� VXos\ F V8WYV ZpV �� iqj Z h \k� VXos\kV j�c RnPgGaW � I z z j Pi
�HR VXo Q PSRnT �Q\kTQVXR:os\ Pi

i \k��T m i T j ZUVX\ j K ′−1
Q PSRUT ��\kTSVXR
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oY\ �kV8\ c RnPgGaW � I z z j Pj, j 6= i � i \k�)V8oY\ uw\ j VXRnZ � � ikj Z h \q� V8oY\kV j c RnPgGaW � I z z j Pi
\ i R

�HR VXo Q PSRnT �Q\kTSV8R�oY\ Pi
�at�y jUj VX\�rCyqR{V8oY\kV8\ � iqj Z h \k� z ∈ Z\{IB, DB, IE, DE}

T m i T j ZUVX\ j
3K ′ + 1 " VXR ZpV ~�V8RUV i Tq\kV8Z.R VXRn�kVX\ � i t�� hQj z h �LoYt i t � i V8RfT h WxZpV8\ C	� V8�koYTQWYo i T/rCykR��kVX\F VXWsV8ZUV � � iqj Z h \k� DE

t ikjnj � h�j z h �LoYt i t yk~ VXR h WYWsV z h Z i TL� � iqj Z���\k�kV �kV j � y I z	z j
TSVX~qoYWY�qV8Z R VXRn�kVX\ C F VXR uw\ j VXR Zn� � iqj Z h \k� IB

T h Z \ i R B i \k� j o i T j VXWs~ j Z h W j Q PSRnT �Q\kTQVXRX�
i \k���kVXR�uw\ j VXR Zn� � iqj Z h \k� IE

j o i T j V8WY~ j Z i \k� K ′ z h Z i TL� � ikj Zp�Q\k�kV �kV j�� y I z	z j C
� = /0')(% d$!&2' v :6+	+ < ) :<$�% "{( -�1 $�& 5 |�q ( - � (2(% #� ( 5 :< % @ ����� s[1, l] ����� � � � 	 : � ���%� � �%$�� � �
� ���%$ � l B ����� K ′ ��� � >��%9 � �%+���+�+ � ��� �;: ���#� ��� ��� S � �&� m ��� � >��%9 � �%+���+�+ � � � ��� �����&� � ���
Z B ( ���A�"+ � � � ��� � � ��� � ��� ��+?� ��� � � ���	� � : � �1� ����� � : + ��� � � � � � ���	� � : � ����� 	 ��� � �&� ����� ����� � � : � �
' 8 ���2� � ����� 	 : � ���%� � �%$ s[1, l] � ��� �%��+ 8 � � � � + 	 $��1����� � � : � ��>�+ $%	 �#��� � � ��� ���=� ����� O(mK ′l): � �������%� ���DB
( � � 9 � � ��� �������%� � �%$ � � � ����� � � : � � ' 8 ��� � ��: ��� �1���@$�� � � � ��� ��� � � �&+ ��� 9 � ��� ����� ��
 	 ���&+ ��! ��� ���
0�	1� O(ml) ��� � 8 H � 3 � � � ' 	 � �����.	1� i ��� s[1, l] ��� � ����� � � : � �1� ���#� � : + � 8 H � 3 � � ��� � ��� �����&�
z ∈ Z $ � � � ��� ��� � �#� � � � � ��� � ��� � B
F oYV �{V8|QPSt�~koY\ h ZpoYPQ\'�kV8R h V�� i V8\k� hQikj �kVX\ h i ~qZ	�*y�V8\��qVXR�	 h t,oYWsoYV S W � jnj Z j o i T hQiqj �kVXtQ oxZpVXRn~kox� c r h � �kVXR h V � i VX\k� t,osZ9TqoYWsrCV��kV j rCPSWsTSVX\q�kVX\/�9WsTSPSRnosZ9Tqt ikj V8RUt,osZUZUVXWs\ C
�t/6')=) -01 (�p $ u v : + \ <f�t/6')=) -01 (�p $ u "%$2 �H5 (*& 1#- ^��w: 1#- =	& 5 (%  (%�)= p�� - &2: 1#- =	& @
h VXo s[1, l] �koYV ��\qrCR h TSV j V�� i VX\q� i \q� v[1, r] �qVXR Q oxZpV8RU~ko � c r h �&�kosV j VXR h V � i VX\k� Cgh VXo S(vi), i =
1, . . . , r, �kVXR h i ~LZ	�by�oY\ S �a� i �kV jUj VX\ � iqj Z h \k� j R hQi t �qVXR � ikj Z h \k� vi

TSV T m RnZ C<F h \k\�VXR��
T h WxZpVX\�R�osR>�kosV �{V8|QPSt�~koY\ h ZpoYPQ\ R := R[1, l], Ri ∈ {S1, . . . ,S

′
K} � i = 1, . . . , l, �kVXRh V�� i V8\k� s hQikj �kV8\ h i ~qZ	�*y�V8\ �kV8R
	 h t,oYWsoYV S t,osZ9TqoYWsrCV��kV j rCPSWsTSVX\q�kVX\/�9WsTSPSRnosZ9Tqt ikj �h VXo i = 1, . . . , l �koYV c P j osZUoYPS\ oY\,�kVXR �9\qrCR h TSV j V�� i V8\k� s i \q� j = 1 . . . , r �kosV c P j oxZposPS\ ostQ oxZpVXRn~kox� c r h � v

C

uw\qosZpo h WYo j osVXR i \kT � i = 1, j = 1
R TqoYWYV (i < l) �kP {

oxr ( Z	�*y (vj) == M P �kV8R Z	�by (vj) == I) {

Ri = S(vj);

i = i + 1;

}

j = j + 1;
}

� �$��� � � � ����� ���$#���� � � ����� � ����� ������� 	 ��� ����� ����� ����� ��� � �����

" oYV t h \ h \<T h \k�)�kVXR � hQi rC�8VXosZ � i \k� h y VXo i TkVXRn|QPStykWYV �LosZ�� Z��kV j Q oxZpV8RU~ko �w�9WsTSPSRnosZ9Tqt ikj
j osV T Z��I| h \k\��kVXR{�9WsTSPSRUoxZ9Tkt ikj rCykR j VHTkR�W h \kTSV ��WYoYTQ\kt V8\ Z j[j VHTkR�O osVXW � VXoxZ i \k��OQPSR h WYWsVXt
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� i O oYV8W h y�V8o i TkV8RfykW h Zp��~ VX\ m ZpoYTQVX\ � i t �qVX\ Q osZpV8RU~ko � c r h ��� i ~�V j ZUoYt,t V8\ � i \k� j PSt,osZ7V8oY\kVQ PQRfTkV8R jph TSV�yk~ VXR:�koYV �{V8|QPSt�~koY\ h ZpoYPQ\ V8oY\kV8R:�9\LrCR h TSV j V � i VX\k�[� i ZpRUV 
EV8\ CdF oYV j V j`c RnPS~kWsVXt
R�osRU� os\  h y CD� ��os\ �kV8t1�kosV�uwtykWYV8t V8\ Z h ZUoYPS\ �kV j	� y I z	z/� c RUPSTSR h t,t j ~�V j i TkRnoYVX~ VX\ i \q�
V8oY\kV6��\ h W � j V � �9~ j i Tk\koxZUZ �bC X � �kV8R � h�i rC�XV8osZ i \k�/�kV j h y�V8o i TkV8RU~ VX� h Rnr j �kV jJc RUPSTQR h t,t j �
os\ j ~ V j PS\k�kV8RUV �kV j Q osZUVXRn~kox� �9WYTQPSRUoxZ9Tkt iqj � TSVXTSV8~�V8\�o j Z��cTQVX\ hQi VXR
~�V j i TkRnoYVX~ VX\ C ��W j ��VXo j ykosVXW
~ V8ZUR h i T ZUVX\ R�oYR �kPSRnZ�� hQj OQPS\ i \ j � i R � ikj R VXR Z i \qT��qVXR l VX\ h�i oYTS|�VXoxZ��kV8R Q PSRSTkVXR jph TSV
V8oY\kV jK� y I z	z j �  h y C � � OSV8RSR VX\k�qV8ZpV t i WsZpoEykWYV h V � i VX\k� h WYosTS\kt,VX\ Z>�qV j I u Q � � �*y j B �
i \k�>�XV8oYTSV8\ i \ ZUVXR h \k�kVXRnVXt��L� hQjUj rCykR �qoYV j V j �9WYosTS\kt,VX\ Z h WYWsVXos\ �kVXR Q osZUVXRn~kox� �9WYTQPSRUoxZ9Tkt iqj
V8oY\kV8\ h y�V8o i TkV8RfykW h Zp�&OQPS\ 15.7

l � ~ VX\ m ZUoYTQZ C
�{t �qoYV � hQi rC�8VXoxZ �kV j �9WYTQPSRUoxZ9Tkt iqj � i OQVXRn| yqRU�XV8\ i \k� �kVX\)~ VX\ m ZpoYT�ZpVX\ h y�V8o i TkV8RfykW h Zp�
V8oY\k� ikj i TqRp�Q\k|�VX\ �a\ i ZU�XV8\�R�oYR��qVX\ ��������������������� ��>�+ $%	 �#��� � � ��� B B[X � B#N1C CwF osV j VXR ��WYTSPSRnosZfTL�
t ikj R i Rn�kV i R j ykRUyk\qTSWYo i T oY\ �kV8R h ykR h i TkVXRn|QV8\k\ i \kT OQVXR R�V8\k�kV8Z i \k��~ h�j oYV8RnZ h�i r �kVXR uw�qVXVQ�
�qVX\ h i i TkR hQi t rCykR �kV8\ Q oxZpVXRn~kox� c r h � h�i r � VXRnrCPQWYTQOQVXR j ykRUV i TkVX\q�kV � c r h �qV9�kV j2� y I z	z j � i
~ V j i TkRp��\k|QV8\ C
� VXRUV8osZ j \ h i T�\ i R`R�V8\koYTQVX\,u ZpVXR h ZposPS\kV8\ oY\ �kV8R Q osZUVXRn~kox�	�{V8| i R j osPS\ WsoYVXT�Z VXos\kV[TSRnP jUj V{z�VX\L�
TQV h \ � i ~ V8ZpR h i T ZpV8\k�kVX\ c r h �qVX\>OSPQR C ��\ ZpV8R h WsW �qoYV j VX\ c r h �qVX\ j os\k� � V8�kP i T hQi i T j PSW i TkV
� h ~�V8o �IrCykR&�kosV��kosV " h TkR j i TkVXos\kWYo i Tk|QV8osZX�E� hQj c RU�dG � �kVXR6��\qrCR h TSV j V�� i VX\q�,~qo j � i �kVXR&ost
h |}Z i VXWsWYV8\��{V8| i R j osPS\ jnj i TkRnosZUZ ~ V8ZUR h i T ZpV ZpV8\ c P j osZUoYPS\4� i VXRU�8V i TQVX\ � j VHTkR&O oYV8W |}WYVXos\kVXR6o j Z
h W j �koYV " h TkR j i TkV8oY\kWso i Tk|�VXoxZ��kV j WsPS| h W ~ V j ZpVX\ c r h �kV j C!F oYV j V c r h �kV ~ V8ZUR h i T ZUVX\ R�osR h W j
� oYRnRUV8WYV8O h \ Z � i \k�/OSV8RnrCPSWsTSVX\ j osV \ko i T Z R VXosZUVXR C)F oYV j | m \k\kV8\ R�osR[VXRURnVXo i TkVX\ �Ios\k�kVXt R�oYR rCykR
� V8�kV c P j oxZposPS\ i �kV8R���\qrCR h TQV j V � i VX\k� \ i R�rCykR{~�V j ZUoYt,t�ZpV � ikj Z��Q\k�qV z VXoY\qV t,PL�qoEGa�8oYVXR ZpVQ osZUVXRU~qox� Q h RUo h ~kWYV δ′z,i ≤ δz,i

~ VXRnV i Tk\qVX\ i \k� j y�V8o i TkV8RU\ C �{\k� �HR h R ~�V ZpR h i T ZpVX\ R�oYR6\ i R
�qoYV � ikj Zp�Q\k�kV z h W j t m TSWYo i TkVQ�L�koYV j V8R c P j oxZposPS\/� i TSR i \k�kV8WYosVXTSV8\k�kV � ikj Zp�Q\k�kV�� �qVXRUV8\ t,P���qoEGa�8oYVXR ZpV Q oxZpV8RU~ko � Q h Rno h ~kWsV δ′z,i

\qo i T Z j V TkR7O oYV8Wa| WsVXos\kVXR7o j Z h W j �kosV��kVXR7PDyqZUoYt h WYV8\ � m jUi \qT

δ∗i := max
z∈Z

δ′z,i

� V<C B[� �

rCyqR>�koYV j V c P j oxZposPS\ C F oYV j V � ikj Z��Q\k�qV4\kVX\k\qVX\ R�oYR��1/1����0�� � ikj Zp�Q\k�kV C F oYV4z�VX\kTQV h WYWsVXR
h |}ZUosOQVX\ � ikj Zp�Q\k�kV � i VXos\kVXtv~�V j Zpost t ZpVX\ � V8osZ9y i \k| Z i o j Z�TQVXTSV8~�V8\�� i R i T

Ai := {z ∈ Z | δ′z,i ≥ Bδ∗i }, 0 < B � 1.
� V<CEBgB �

F VXR c:h R h t,V8ZpV8R B R�osRU�/�kosV ��������� � ����� �&TSVX\ h \k\ Z CF oYV�t,P �koEGa�8oYV8RnZpV Q osZpV8RU~ko � Q h Rno h ~qWYV δ′z,i+1
VXos\kV j � ikj Z h \k�kV j z h \	�kV8R c P j osZUoYPS\ i + 1 �kV8Rh V�� i VX\q� s R�oYRn��\ i \/\ i R hQiqj �kVX\ Q PSRUTS�Q\kTSV8RU\ z′ OSPQ\ z ~ VXRnV i Tk\kV Z��I�kosV&� i t � VXoxZ9y i \q|}Z

i �a~k�HR C i + 1 rCykR�VXoY\qVX\ j Z i t t,VX\ � ikj Z h \q� z � h |}ZUosOzR h RnVX\ C)FLC T C V j TQoYWsZ

δ′z,i+1 =







ez,si+1
max
z′∈Ai

{δ′z′,itz′,z} , r h WYW j typ(z) ∈ {M, I}

max
z′∈Ai+1

{δ′z′,i+1tz′,z} , r h WYW j typ(z) = D.

� V<C B#O �

F oYV9t,P �koEGa�8oYV8RnZpV Q oxZpV8RU~ko � Q h Rno h ~kWsV VXos\kV j � os\ h | ZpoxOSVX\ � � ikj Z h \q�kV j R�osRU� h�i r 0 TSV j V Zp�8Z i \k�t ikjUj \qo i T Z TSV j y VXo i TkVXR Z R�V8RU�kV8\ C<F h R hQiqj rCPSWYT�Z h�i i T �q� hQjUj R�oYR��qoYV{t P �koEGk�XoYV8RnZUV Q osZUVXRU~qox�Q h RUo h ~kWYV δ′z,i+1
\ i R rCykR��kosV � ikj Z��Q\q�kV>~ VXRUV i Tk\kV8\ ���koYV � h i TLrCPSWYTSV8R�V8oY\kV j � ikj Z h \k�kV j oY\
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Ai
�k~q�HR C oY\ Ai+1

rCykR�VXos\kVX\ j Z i t,t V8\ � ikj Z h \k� z � j oY\q� CF oYV��������� � ����� � B R�oYRn� j P ~ V j ZUoYt,t�Z�� � h�jUj R�V8�kVXR�� i O oYV8W h y VXo i TqVXRfyqW h ZU� ~�V8\ m ZUoYTQZ`R�osRU� �
\kP i T � i O oYV8WYV��L�kV8R �9\LrCR h TSV j V � i VX\k�6� i TSR i \k�kVXWsoYV8TSVX\k�qV c r h �kV9� i R i T/�kV8\ ���������������������L�
�9WsTSPSRUoxZ9Tkt ikj[hQikj TSV j i TkWYP jUj V8\ R VXRn�kVX\ C

�*� � �	� ���1��
 � � 	 )*��0 � / 0 /  ���!��0��#���*�&% � � '(- - %

� � ��� � �
	����������� ����� �!��!�������� ���!� "����$#����

F oYV l t o jUj oYPS\ j R h TkR j i TkVXos\kWYo i Tk|QV8osZpV8\ V8oY\kV j � y I z	z j j i Ta��ZU�XV8\sR�oYRX��R�osV�rCyqR V8oY\ c RnPgGaWx�
I z	z ~�V j i TkRnoYV8~�V8\ � rCyqR F � �{� h V�� i V8\k�XV8\ t oxZ�VXos\kVXR F osRUo i TqWYV8Z � Q V8RnZpV8oYW i \kT � ObCPO*B � i \k�
rCykR c RUPQZUVXos\ j V � i VX\k�8VX\	t,osZ[V8oY\kV8R�z�o j i T i \kT,OQPS\ \qV i \ F oYRno i TkWsV8Z � Q VXR ZpV8oYW i \kTSVX\ � ObCYODO � �

l j'j V8o n = |Σ| �koYV��9\q� h TkW{�kV8R h � t ~ PSWsV�ost l t o jUj osPS\ jUh W y<T h ~�V Z Σ = {σ1, . . . , σn}�  h y C?B � C
� (%^�& -01#- =	& v :6+*3 ����� Al

� l = 1, . . . , K ′ ��� � � � �;: ��+?�@$�� � ���A� � � � ����� � ���%9 ���(� � � � � : ���#� �
Sl

��� A B ����� Sk ∈ S ��� � ����� � ���%9�� � � ����� � ���%9�8 ��� ��+?� � S � ��� � � ���"� � ������� � ����� ��� ��� ��+�+ � �
�3H � / ��� � � � k ��� ����� ����+ � ��� A � ��� ��+?� B
����� � � � l 8 � � � $ � �� �%+?��B ( ���A� � ��,�A� � �#�

~nj := (nj,1, . . . , nj,n),
� ��� nj,i := #{ak,j | ak,j = σi, Sk ∈ Sl},

� V<CEBWX �
� ��� I � i GaTS|QV8osZ j OSV8| ZpPSR��kV8R[oY\>�kV8R h y h WsZpV j �kV j h i ~ h WYoYTQ\kt V8\ Z j Al

~ VXPQ~ h i T ZpV ZpVX\ h � t �
~�PQWYV� � �&� |~nj| :=

∑n

i=1 nj,i
��� ����\k� h TkW ��+�+ � � ����� � ���%9 ��� � � � � � : ��+?�@$�� � ���A� � Al

� ��� � ���
� � � � � ��+?� � j ����� � � � : 	1+ ��� Σ � � B � B�/ ����� � �3H � / � � ���A� � ��+?� ���DB
� (%^�& -01#- =	& v :6+ v
� B � ����� z ∈ Z\{IB, IE}

� typ(z) ∈ {M, I} B������ A(z) � � � � � : ��+?�@$�� � ���A� ��� A 9 � � � � �
� ��� ' �)	*,+ � � - - � � � � ��� � ���&� z $ ��� � �#� B
����� j := col(z) ��� � � � ��+?� �!��� A(z) � � � � � � � ��� �����&� z 9 � $ � 	 � ��� ��� � � � � �&� j ′ ��� �
�D� ��� � �	� � � 8 j 8 	1+ $ ���&� � 
 	1� � ��� ����� � � ��+?�	� ��� A(z) B����� ~nj

� � � � � �  $1/ ����� � 0�� /1��	 �=� � � ��� � � � � � ��+?�	� j � � � � � : ��+?�@$�� � ���A� � A(z) : � 	 : �
� ���%�	��� ��� � � � : 	1+ �$B ( ���A� ����� � � � ���A��� � �#� � � ��� � /1��	 �

~nz :=

{

~nj , 8 ��+�+ � typ(z) = M,
~nj+1 + . . . + ~nj′−1 , 8 ��+�+ � typ(z) = I,

� VwCEBWV �

��� ���kVXt � iqj Z h \k� z � i TSVXPSRn�k\kV ZpVX\ I � i GaTS|QV8osZUVX\ � � ��� � � : 	1+ � � ��� Σ ��� A(z) B
� B � ����� fc ��� � � � � �	� � �&� lc ��� � + ��� 9�� ��$ � � ����� � ��� ��
 	1� � ��� ����� � � ��+?� � ��+�+ � � � �;: ��+?� �

$�� � ���A� � Al, l = 1, . . . , K ′ � 0�	1� A B)( ���A� ����� � � � ���A��� � ����� ��� � � � /1��	 �����

~nIB
:= (nIB ,1, . . . , nIB ,n)

� VwCEB#� �



�dZ � � � � � ��� � ��� � ��� 
 � � � ��� 	 ��� ��������	������������	�������� � �

� ��� nIB ,i := #{ak,j | ak,j = σi, k = 1, . . . , K, j = 1, . . . , fc − 1},
� �&�

~nIE
:= (nIE ,1, . . . , nIE ,n)

� V<C B[� �
� ��� nIE ,i := #{ak,j | ak,j = σi, k = 1, . . . , K, j = lc + 1, . . . , N},

��� � �kVXt � ikj Z h \k� IB
: 9��B IE

� i TSVXPSRn�k\kV ZpVX\ I � i GaTS|�VXoxZpVX\ � � � � � � : 	1+ � � ��� Σ ���
A B

F oYV �kV8\�uw\ j VXR Zn� � ikj Zp�Q\k�kV8\ IB
i \k� IE

� i TSVXPQRU�k\kV ZpV8\ I � i GaTS|�VXosZUVX\ ~nIB

~q�HR C ~nIE

VX\ Zn�
j ykRUV i TkVX\ h W j P��kV8\ I � i GaTS|QV8osZUVX\ �qVXR�os\ h WYWYV8\ h i ~ h WsoYTS\qt V8\}Z j oY\��kVX\ h y h WsZUVX\�OSPSR �kVXR
V8R j ZpVX\ � fc

� ~k�HR C \ h i T��qVXR6WYV Zp� ZpVX\ � lc � TSV8t V8oY\ jUh t,VX\  �PQ\ j V8\ jUikjnj y h WsZpV,~ VXPS~ h i T}ZUV8ZUVX\h �Lt�~�PSWsV C

, p - u uW- =	& u � : (! u � (!( - &�/ - � (2�)( -�1 (*& % �2 � � �z7 |?(��?$!(*&2"{(b&
F h rCykR � i |}WYVXP�ZpoY� j V�� i V8\k�XV8\ \ko i T}Z j PSW i T |QPStykWsV �LV � ikjph t,t,VX\<Ta��\kTSV`R�oYV rCyqR
��t os\kP j � i �
RnV j V�� i VX\q�XVX\ ~ VXRny i | j o i T}ZUoYTQZKR VXRU�qVX\ t y jUj V8\ � j i Ta��ZU�XV8\rR�oYR6�kosV l t,o jnj osPS\ j R h TkR j i TkV8oY\L�
Wso i Tk|�VXoxZpVX\ �kVXR�z h Z i TL� i \k�>�kosV{uw\ j VXR Zn� � ikj Zp�Q\k�kV&V8oY\kV j�� y I z	z j rCykR�V8oY\,�9WsoYTS\kt,VX\ Z7OSPQ\F � �{� h V�� i V8\k�XV8\ � V R�V8oYW j t,osZ9TqoYWsrCV�V8oY\kV8R:V8oY\k�8VXWY\qVX\ F osRUo i TkWYV Zn� Q V8RnZUVXoYW i \kT CWF oYV j VX\ Z j ykRUo i T Z
R�osV R�oYR[os\� h y C	O TQV j VHTkVX\ T h ~ VX\��kVXR c�j V i �kP�� � P i \ Zn��z�V8ZfTkP �kV Ch VXo Σ = {A, C, G, T}

C`h V8oYV8\ ~αM := (αM,1, . . . , αM,4)
�kosV c:h R h t,V8ZpV8R �kVXR F osRUo i TkWYV Zn�F o i T ZpV rCykR�VXos\kVX\�z h Z i TL� � ikj Z h \k� i \k� ~αI := (αI,1, . . . , αI,4)

�qoYV c$h R h t V ZpVXR�rCykR9V8oY\kV8\
uw\ j VXR Zn� � ikj Z h \k� C!F h \q\ TSosWsZ h W j P rCykR �koYV l t,o jUj oYPS\ j R h TkR j i TkVXos\kWYo i Tk|QV8osZUVX\ V8oY\kV j z h Z i TL�
~q�HR C uw\ j V8RnZ � � ikj Z h \k�qV j z �

ez,σi
=

nz,i + αtyp(z),i

|~nz| + |~αtyp(z)|
, σi ∈ Σ.

� V<C B#N �
F oYV c:h R h t,V8ZUVXR ~αM

~k� R C ~αI
j i Ta� Zp�XV8\LR�osR i \ h ~<Tk�Q\kTSosT OSPS\kV8oY\ h \k�kVXR h \wT h \k� �kV j TSV8TSVX~ V �

\qVX\ z h � j A
Cbh V8o NM := {~nz | z ∈ Z, typ(z) = M} �koYV�z�V8\kTSV h WYWsVXR I � i GaTS|�VXosZ j OQVX| ZpP��RnVX\ �kosV �kVX\�z h Z i TL� � iqj Z���\k�kVX\ �kV jb� y I z	z j � i TSV8PSRU�k\qV8Z j os\k� � i \q� NI := {~nz | z ∈ Z, typ(z) = I}�qoYV7z�V8\kTSV h WsWYVXR��kVX\ uw\ j VXR Zn� � iqj Z���\k�kVX\ � i TSVXPSRn�k\kV ZpVX\ I � i GaTS|�VXosZ j OQVX| ZpPSRnVX\ CdF h \q\ j i Ta��Z �

�8VX\MR�oYR �qoYV c$h R h t,V8ZUVXR ~αM
rCykR��kosV7z h Z i TL� ~k�HR C ~αI

rCykR �kosV�uw\ j V8RnZn� l t o jUj osPS\ j R h TqR j i TqVXoY\qWYo i Tq|QVXoxZpV8\
� V R�V8oYW j t,osZ9TqoYWsrCV��qVXR7z � ��z�V8ZfTkPL�qV � ObC X{O � C~F oYV j o j Z \ h i T � ObC XDX � � � i osO h WsVX\ Z � h � i ���koYV c:h �
R h t,V8ZpV8R ~α∗

M
~k� R C ~α∗

I
� i ~�V j Zpost t,VX\E�LrCykR��kosV6TSoYWxZ �

~α∗
M = arg min

~αM

(

−
∑

~nz∈NM

log P~αM

(

~nz

∣

∣ |~nz|
)

) � V<C B[Z �

~q�HR C

~α∗
I = arg min

~αI

(

−
∑

~nz∈NI

log P~αI

(

~nz

∣

∣ |~nz|
)

)

.
� V<C B[n �

F oYV c:h R h t,V8ZUVXR ~α∗
M
~k� R C ~α∗

I
~ VXRUV i Tk\kV8\ R�oYR t,osZ �kVXt os\ B OgO1C hQikj rCy<TkRnWYo i T/� h RUTSV j ZpV8WYWxZpVX\l R h �koYV8\}ZUVX\ h ~ j ZUoYVXT j OSV8Rnr h TqRUVX\ C
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� i R hbi Ta� Zp� i \kT �qVXR l t o jUj osPS\ j R h TqR j i TqVXoY\qWYo i Tq|QVXoxZpV8\�V8oY\kV j�� y I z	z j rCykR[V8oY\/�9WsoYTS\qt V8\}Z
OSPS\ c RUPQZUVXoY\ j V�� i V8\k�XV8\ \ i Zp�XV8\ R�oYR8�<R�oYV �koYV c RUPQTSR h t,t,V I z	z l � i \k� h �6z �I�kosV OQPS\
B OgO1C hQi r9�kV8R�� � � �  h � F h ZUVX\}~ h \q| TSV j i Ta��ZU�8ZUV	z�o j i T i \kT4OQPS\ \qV i \ F osRUo i TqWYV8Z � Q V8RnZpV8ox�
W i \qTSVX\ C<F oYV c:h R h t,V8ZUVXR[�kosV j V8R F oYRno i TkWsV8Zn��z�o j i T i \kT j os\k�/VX~ VX\qr h WsW j os\ B ODO C TSVXTSV8~�V8\ C

� � ��� � ��� � ���������� � ��� �!��!�������� ����!� "���� #����

#t� (* #'):_&2' u � : (2 u � (!( - &�/ - � (2�	( -�1 (*&
F oYV�" h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\ �kV8R m ~ VXRnT �Q\kTSV ���A� � ��� ��+ : �kV8R�VXoY\q�XVXWs\kVX\ c RUPdGaWx� I z	z j Pi, i =
1, . . . , K ′, VXoY\qV j � y I z	z j j i Ta��Zp�8VX\sR�osRX�?R�osV os\���~ j i Tq\kosZnZ ObC XwCYO ~ V j i TkRUosVX~ VX\ � rCykR �kosV�kRUV8okOSV8R j i TqoYVX�qVX\kV8\>�9R ZpVX\ OQPS\ m ~�V8RUT ��\kTSVX\ � h�ikj VXos\kVXt z h Z i TL�p� hQikj V8oY\kV8t uw\ j VXRnZ � i \k�
hQikj VXos\kVXt F V8WYV ZpV � � ikj Z h \k�zTkVXR hQikj � t,osZ � VHR VXosW j VXos\kVXR F osRUo i TqWYV8Z � Q V8RnZpV8oYW i \kT h W j h � ykRnoYPSRnox�Q VXR ZpVXosW i \qT C� i � V8�kVXR h V�� i V8\k�>V8oY\kV j h i ~qZ	�*y j Si, i = 1, . . . , K ′, ~k� R C � i � V8�kVXR � VXosWYV �kV j VX\ Z j ykRnV �i TkVX\q�kVX\ h i ~ h WsoYTS\qt V8\}Z j Ai

TSoY~qZ V j VXos\kVX\)VXos\k�kV i ZposTSVX\ c r h �)� i R i T � hQj c RUPgGaW � I z	z
Pi

C)F V8R�V8oY\kV8t � ikj Z h \k� z ∈ Z\{IB, DB, IE, DE}
� i TSVXPSRn�k\kV ZpV I � i GkTS|QV8osZ j OSV8|}ZUPSR9V8\ Zn�

j ykRno i T Z h W j P6�kV8t Q VX| ZUPSR��kVXR rCyqR �koYV j V8\ � iqj Z h \k��~�V8PS~ h i T ZpV ZpV8\ m ~�V8RUT h \qT j Ta� i GaTS|�VXosZUVX\
oY\ Pi

� O*CYXgV � C
�9W jjc$h R h t V ZpVXR ~αM

� ~αI
~k�HR C ~αD

�kV8R F o i T ZpV �kV8R�V8\}Z j ykRnV i TkV8\k�kV8\ F oYRUo i TkWYV Zn� Q VXRnZUVXosW i \kT
R �dTkWYV8\�R�osR[�koYV6os\ � ObC V{� � h \qTSVXTSV8~�V8\kVX\E�IOQPS\ B Ogn1C VXtykoYRno j i T V8RUt,osZnZpVXWxZpV8\ c:h R h t V ZpV8R C

|�q! ~$�&2' � : (2 u � (!( - &�/ - � (2�	( -�1 (*&
F oYV h ykR i \qTgR h TkR j i TkVXos\kWYo i Tk|QV8osZpV8\ ��� C T C �kosV " h TkR j i TkVXos\kWYo i Tk|QV8osZUVX\ �kVXR m ~�V8RUT ��\kTSV�9�� � �
� ��� �����kV8\ c RnPgGaWx� I z	z j Pi, i = 1, . . . , K ′, �qV jw� y I z z j �c| m \k\kV8\ �coYt l V8TSVX\ jUh Zp��� i �qVX\m ~ VXRnT h \kT j R h TkR j i TkVXos\kWYo i Tk|QV8osZpV8\����A� � ��� ��+ : �kVXR c RUPdGaWx� I z	z j �S\ko i T}Z h \wT h \k� OSPQ\ ~ VXPS~ �
h i T ZpV ZpVX\ I � i GkTS|QV8osZpV8\'TSV j i Ta� Zp�8Z R�V8RU�kV8\ � � h h ykRUyk\qTSV�\qo i T Z rCyqR V8oY\'z h � ~�V8PS~ h i T ZU~ h R
j os\k� C_h Z h ZnZp�kV jUj V8\�\ i ZU�XV8\�R�osR�rCykR h WsWYV h ykRnyk\kTSV VXos\kV9rCV j ZpV��kVXtykosRUo j i T>VXRnt oxZUZUVXWsZUV�" h TkR��
j i TkV8oY\kWso i Tk|�VXoxZ��c�kosV R�osR��koYV � � � � �%$ � � � � � ��� �����A+?� ����/ ����� Pjump

\kV8\k\kV8\ C uw\��kV8R
��\{R�V8\k� i \kT
VXos\kV j � y I z	z j � i R6uw�kVX\ Zpo Ga�XosVXR i \kT RUV8|QPSt�~koY\ h \}ZUVXR I u Q � i \q� I � Q � h V�� i V8\k�XV8\ �  h y C� � \ i Zp�XV8\�R�oYR VXos\kV h ykR i \qTgR h TkR j i TkVXos\kWYo i Tk|QV8osZ�OQPS\ Pjump = 10−9 CbF osV j VJR i RU�qV h \<T h \k�
�kVXR TSV8TSVX~ VX\qVX\ � R h oY\kos\kT jnj V�� i V8\k�XV8\ i \q� t i WsZpoEykWYV8\ h V � i VX\k� h WYosTS\kt,VX\ Z j V8tzykosRUo j i T VXR��
t oxZUZUVXWsZ � ��~ j i Tk\qosZUZ �wC V � CF oYV h ykR i \kTgR h TkR j i TkV8oY\kWso i Tk|�VXosZ o j Z��koYV " h TkR j i TkVXos\kWYo i Tk|QV8osZ��
oY\ VXos\kVXt � ikj Z h \k� z ∈ ZVXos\kV j c RUPdGaWx� I z	z j Pi

V8oY\kV8\ h ykR i \kT � i t h i TqVX\ C%h oY\k� h ykRnyk\kTSV�os\ OSVXR j i TkosVX�kV8\kV c RnPgGaWx�
I z	z j Pj, j 6= i, t m TQWYo i TE�WR�oYRU� �koYV h ykR i \kTgR h TkR j i TkV8oY\kWso i Tk|�VXosZ hQi r h WsW}�koYV j V m ~�V8RUT ��\kTSVTSWYV8o i T OQVXRnZUVXosWsZ CgF C T C �kosV " h TqR j i TqVXoY\qWYo i Tq|QVXoxZ�VXos\kV j h ykR i \qT j OSPS\�VXos\kVXt � ikj Z h \k� zk ∈ Zi
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V8oY\kV jJc RnPgGaW � I z z j Pi
oY\ VXos\kVX\�~ VXWYosVX~kosTSVX\ � iqj Z h \k���qV jJc RUPgGaW � I z	z j Pj

� i 6= j �ko j Z

Pjump

#{Px, x 6= i | ∃zn ∈ Zx,
j C � C V8oY\ m ~ VXRnT h \kT�OSPS\ zk

\ h i T zn
t m TSWYo i T o j Z } .

� V<CYOg� �

F oYV j V h yqR i \kTdR h TqR j i TqVXoY\qWYo i Tq|QVXoxZ OQPS\ zk
oY\ oYRnTSVX\k�qVXoY\qVX\ � iqj Z h \k� �kV j c RUPdGaWx� I z	z j

Pj
R�oYRn� rCykR	V8oY\kV8\ h ykR i \kT hQikj VXoY\qVXt z h Z i T � � ikj Z h \k� \kP i Tkt h W j�i \ ZpV8RnZpV8oYWxZ	oY\ �koYV

" h TkR j i TkV8oY\kWso i Tk|�VXoxZ	rCykR	V8oY\kV8\ h ykR i \kT oY\�V8oY\kV8\ z h Z i T � � ikj Z h \k� i \q� os\��kosV " h TkR �
j i TkVXos\kWYo i Tk|QV8osZ�rCykR9V8oY\kV8\ h ykR i \kT>oY\ VXoY\qVX\ F V8WYV ZpV � � ikj Z h \k� C?F hQj Q V8RfTa��WsZp\qo j �koYV j VXR�~�V8ox�
�qVX\ " h TkR j i TkVXos\kWYo i Tk|QV8osZpV8\ � i V8oY\ h \k�kVXR[V8\ Z j yqRUo i T Z��kV8t Q V8RfTa�QWxZp\ko j �kV8R[VX\ Z j ykRUV i TkVX\q�kVX\m ~�V8RUT h \kT j R h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\ ���A� � ��� ��+ : �kV j.c RUPgGaW � I z	z j Pj

� � C T4�qVXt Q VXRfTk�QWsZU\ko j
�qVXR m ~ VXRnT h \kT j R h TkR j i TkVXos\kWYo i Tk|QV8osZUVX\ OSPSt OSPSRSTkVXRnTSV TqVX\k�kV8\�z h Z i TL� � ikj Z h \k� oY\ Pj

oY\
�qoYV j V ~�V8oY�kV8\ � ikj Z��Q\q�kV CF h t oxZ rCyqR h WsWYV � ikj Zp�Q\k�kV��koYV h i t,t V{�kV8R m ~ VXRnT h \kT j R h TkR j i TkVXos\kWYo i Tk|QV8osZpV8\ TSWYV8o i T 1 o j Z��~ VXRnV i Tk\qVX\rR�osR&rCykR6VXos\kVX\ � ikj Z h \k� zk

VXoY\qV jKc RUPgGaW � I z	z j Pi
� i V8R j Z h WsWYV " h TkR j i TkV8oY\L�

Wso i Tk|�VXoxZpVX\/�kV8R m ~ VXRUTS�Q\kTSV oY\ � ikj Z��Q\q�kV �kV jnj VXWs~�V8\ c RUPdGaWx� I z	z j Pi
�k�kosV j V \kV8\k\kV8\ R�oYR

t∗zk,zl

� V<CYObB �

i \k�'t i WsZpoEykWYos�XosVXRUV8\ �koYV j V � VHR VXosW j t oxZ (1−Pjump)
� r h WsW j OSPQt � iqj Z h \k� zk

h ykRnyk\kTSV�oY\,VXoY\
h \k�kVXRnV jjc RUPgGaW � I z	z t m TQWYo i T j oY\q� C)F C T C rCykR��koYV�" h TkR j i TkV8oY\kWso i Tk|�VXoxZ�VXoY\qV j m ~ VXRnT h \kT j
OQPS\4VXos\kVXt � ikj Z h \q� zk ∈ Zi

VXos\kV j.c RnPgGaWx� I z	z j Pi
os\ V8oY\kV8\ � ikj Z h \k� zl ∈ Zi

OSPS\ PiTQoYWsZ�� h \k\
tzk,zl

= t∗zk,zl
· (1 − Pjump).

� V<CYODO �

#t� (% #'):_&!' u � : (2 u�� (2( - &!/ - � (!�)( -01 (b&�>	= &
B, IB, DB, IE

$!& 5
DE

	$ykR'�kosV m ~�V8RUT h \kT j R h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\ �kV8R � ikj Z��Q\q�kV B, IB, DB, IE
i \k� DE

~k�HR C
rCyqR �qoYV m ~ VXRnT h \kT j R h TkR j i TkVXos\kWYo i Tk|QV8osZUVX\ os\ �koYV j V � ikj Zp�Q\k�kV rCy<TqRUVX\ R�oYR6�qRUVXo, {PS\ j Z h \L�
ZUVX\ PInsert, PD,init, PD,ext ∈ (0, 1) � PD,init < PInsert

�QVXos\ CDF oYV j V j os\k� oY\ ��\kWYVHTk\ i \kT h \ � hQjl os\qrCykTSV8\ � V8\kTSW C ��� � � ����osPS\ � VXos\kV j h � t ~ PSW j � PInsert

� �a�kVXR l os\qrCy<TkR i \kT � V8\kTSW C ���A����o h ZposPS\ �
V8oY\kV8R � y i |�V � PD,init

� i \q�	�kVXR Q VXRUWY�Q\kTSV8R i \qT � V8\kTSW C ��! ��VX\ j oYPQ\ � V8oY\kV8R � y i |QV � PD,ext

� oY\
�qVXR��9\qrCR h TSV j V�� i V8\k��~ VX\ h \k\ Z C u TkRnV ��VX�kV i Z i \kTzR�osRU�/oYt 	IPQWYTSV8\k�kVX\/V8RUW � i ZpV8RnZ C
PInsert

o j Z{�kosV " h TkR j i TkV8oY\kWso i Tk|�VXoxZ��IVXos\kV uw\ j VXR ZposPS\�os\��qVXR9��\qrCR h TSV j V�� i VX\q� i t VXos\kV c P��
j osZUoYPS\ � i OQVXRUWY�Q\kTSV8RU\ �
	$ykR[�koYV m ~�V8RUT h \kT j R h TkR j i TkV8oY\kWso i Tk|�VXoxZ�OQPS\ IB

\ h i T IB
~k�HR C OQPS\ IE

\ h i T IE
TQoYWsZ

tIB ,IB
= PInsert

i \k� tIE ,IE
= PInsert.

F h R hQiqj rCPQWYTQZ tIE ,E = 1 − PInsert
C

F oYV " h TqR j i TqVXoY\qWYo i Tq|QVXoxZ,VXoY\qV j m ~�V8RUT h \kT j OSPS\ IB
os\ V8oY\kV8\ z h Z i TL� � iqj Z h \k� � �kVXR,�kVXR

V8R j ZpVX\� �PQ\ j V8\ jUikjnj y h WsZpV VXos\kV j h i ~ h WsoYTS\kt,VX\ Z j Ai
os\ A � i TQVXPSRn�k\kV8Z{o j Z��Lo j Z[rCykR h WsWE�kosV j V
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 �wB

z h Z i TL� � ikj Z��Q\q�kV�TSWsVXo i T C)F C T C rCykR h WYWYV � iqj Z���\k�kV zk ∈ Z � typ(zk) = M � �koYV �kV8R�V8R j ZpVX\
 �PS\ j VX\ jUikjnj y h WxZpV VXoY\qV j h i ~ h WYosTS\kt,VX\ Z j Ai

os\ A � i TSV8PSRU�q\kV8Z j os\k� �kTSosWsZ

tIB ,zk
=

(1 − PInsert)

K ′
.

PD,init
~ V j ZUoYt,t�Z �qoYV�" h TkR j i TkVXos\kWYo i Tk|QV8osZ{�kV j l os\qrCy<TkRnVX\ j VXos\kVXR � y i |�V h t �9\qr h \kT i \k�

h t l \k�kV��kV8R���\qrCR h TSV j V�� i VX\q� �
	:ykR/�koYV m ~�V8RUT h \kT j R h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\ �kV j h Z h RnZ �� ikj Z h \k�kV j B TSosWsZ

tB,DB
= PD,init,

tB,IB
= PInsert − PD,init

i \k� tB,zk
=

1 − PInsert

2 · K ′

rCykR h WYWsV � ikj Z��Q\k�qV zk ∈ Z � typ(zk) ∈ {M, D} ���koYV �qVXR VXR j ZpV8\  �PQ\ j V8\ jUikjnj y h WsZpV VXos\kV jh i ~ h WYoYTQ\kt V8\ Z j Ai
os\ A � i TSV8PSRU�k\qV8Z j os\k� C)F h R hQikj rCPSWsTQZ ∑

zk∈Z tB,zk
= 1

C
PD,ext

~ V j ZpoYt,t�Z'�koYV " h TkR j i TkV8oY\kWso i Tk|�VXoxZ/�kV j 	aPSR ZUrCy<TkRnVX\ j ~q�HR C �kV j ��VXV8\k�kVX\ j V8oY\kV8R� y i |QV oY\ �kosV6�9\qrCR h TSV j V�� i V8\k� � l oY\ c r h �/OSPS\ B yk~ VXR DB
os\ VXoY\qVX\�z h Z i TL� � ikj Z h \q� zk

�
�kVXR��kV8R h y h WxZpV col(zk)

oY\ A � i TSVXPQRU�k\kV Z9o j ZX�kVX\ Z j ykRUo i T Z9�kV8t l oY\qrCyqTSVX\ OSPQ\ col(zk) − 1� y i |QV8\ oY\ �kV8R6�9\qrCR h TSV j V�� i V8\k� C�F h � i R i T �qVX\ m ~ VXRUT h \kT OSPS\ B � i DB
~ VXRnVXosZ j VXos\kV� y i |QV os\	�kVXR9�9\qrCR h TSV j V�� i V8\k� VXos\kTSV8rCyqTQZ R�osRU� � VX\ Z j ykRUo i T Z h W j P'VXos\ h ykR i \kT>OQPS\ DB

os\
VXos\kVX\�z h Z i TL� � ikj Z h \k� zk

���kVXR9�kVXR h y h WsZUV col(zk)
os\ A � i TSV8PSRU�k\qV8Z o j Z�� �kVXt l oY\qrCyqTSVX\

OSPS\ col(zk) − 2
� y i |QVX\E� i \k���qVXt ��V8VX\k�qVX\��koYV j VXR � y i |�V os\ �kVXR[��\qrCR h TQV j V � i VX\k� C 	$ykR

h WYWsV/z h Z i TL� � iqj Z���\k�kV zk ∈ Z � typ(zk) = M ���kosV \ko i T Z��kV8R,V8R j ZpVX\  �PQ\ j V8\ jUikjnj y h WsZpV
VXos\kV j h i ~ h WYosTS\kt,VX\ Z j os\ A � i TSV8PSRU�k\qV8Z j os\k� �aTSosWsZ h W j P

tDB ,zk
=

(PD,ext) · (PD,ext)
col(zk)−2

K ′
=

(PD,ext)
col(zk)−1

K ′
.

��t �qoYV 	aPSRn�kVXR i \kT ∑

zk∈Z tDB ,zk
= 1 � i V8RnrCykWsWYV8\ � \kPSRnt osVXRnVX\�R�oYR'�koYV4~ VXRnV i Tk\kV ZpV8\

" h TkR j i TkVXos\kWYo i Tk|QV8osZpV8\ CF VXR m ~ VXRnT h \kT�OSPS\ V8oY\kV8t z h Z i T � � ikj Z h \k� zk
os\ �kV8\ F V8WYV8ZUV � � ikj Z h \k� DE

V8\}Z j ykRno i T Z
�kVXt l oY\qrCyqTSVX\GOSPS\ N − col(zk)

� y i |QVX\ os\ �kV8R'��\qrCR h TQV j V � i VX\k� C F C T C V8R'V8\}Z j ykRno i T Z
�kVXt l oY\qrCy<TqRUVX\ i \q� �kV8t (N − col(zk) − 1) �wt h WYosTSVX\ 	IPQRnZUrCywTkRUV8\ VXoY\qVXR � y i |�V�os\ �kVXR�9\qrCR h TSV j V�� i V8\k� C 	:ykR h WsWYV�z h Z i TL� � iqj Z���\k�kV zk ∈ Z � typ(zk) = M ���kosV �A� ���%� �qVXR
WYV Zp�8ZUVX\� �PS\ j VX\ jUikjnj y h WxZpV VXos\kV j h i ~ h WYosTS\kt,VX\ Z j os\ A � i TSV8PSRU�k\qV8Z j os\k� �aTSosWsZ h W j P

tzk,DE
= PD,init · (PD,ext)

N−col(zk)−1.

h VXo zk ∈ Zi ⊂ Z
C.h os\k��oYt h i ~ h WYosTS\kt,VX\ Z Ai

\ko i T Z h WsWYV h y h WxZpVX\�OQPSR4~k� R C \ h i T
�kVXR h y h WxZpV col(zk)

 {PS\ j V8\ jUiqjUj y h WsZUVX\ ��t y jUj VX\4\ h ZpykRnWYo i T R VX\kosTSVXR h W j col(zk) − 1 ~q�HR C
N − col(zk) − 1  {PS\ j VX\ jnikjUj y h WsZUVX\	os\ A yk~ VXR j ykR i \kTSV8\ R VXRU�qVX\ F V8R m ~�V8R j o i T Z T h WY~ VXRj i TkRnVXos~�V8\ R�oYRJTkoYV8R��qVX\k\kP i T col(zk) − 1 ~q�HR C N − col(zk) − 1 i \k�	t,VXos\kVX\�� h t,osZ{�kosV�9\k� h TkW �qVXR� �PS\ j VX\ jUikjnj y h WxZpV8\ os\ Ai

OSPQR ~k�HR C \ h i T �kV8R h y h WxZpV>�qVXR �kV8R � ikj Z h \k� zk
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� i TSV8PSRU�k\qV8Z{o j Z CF oYV m ~ VXRnT h \kT j R h TkR j i TkVXos\kWYo i Tk|QV8osZ7OSPQ\,V8oY\kV8t z h Z i TL� � ikj Z h \k� zk
�S�kV8R��kVXR7WsV8Zp� ZpV8\( {PS\L�

j VX\ jnikjUj y h WxZpV,VXoY\qV j ~�V8WYosVX~kosTSVX\ h i ~ h WsoYTS\kt,VX\ Z j Ai
oY\ A � i TSVXPQRU�k\kV Z o j ZX�Eos\��qVX\�uw\ j V8RnZn�� iqj Z h \k� IE

o j Z�TSV8TSVX~ VX\�� i R i T
tzk,IE

= PInsert.F h R hQiqj rCPQWYTQZ tzk,E = 1 − PInsert
C

	$ykR h WYWsV F VXWsV8ZpV � � ikj Z��Q\q�kV zk
�kosV��kV8R WsV8ZU�8ZpV8\  {PS\ j V8\ jUiqjUj y h WsZUV VXos\kV j h i ~ h WYosTS\kt,VX\ Z j

Ai
oY\ A � i TQVXPSRn�k\kV8Z j os\k� �kTQoYWsZ

tzk ,E = 1,

� h �qoYV j V � ikj Zp�Q\k�kV |QV8oY\kV.R VXosZUVXRnVX\ � h i TqrCPQWYTSV8R T h ~ VX\ C
F oYV�" h TkR j i TkVXos\kWYo i Tk|QV8osZpV8\ PInsert, PD,init

i \k� PD,ext
R�V8RU�kV8\�VXtykosRUo j i T h \<T h \q� �kV8R � R h ox�

\qoY\kT j � h ZUVX\ � �9~ j i Tk\koxZUZ �wCYO � VXRnt oxZUZUVXWsZ � ��~ j i Tk\qosZUZ �wC V � C
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� i R{uwtzykWsVXt,VX\ Z h ZpoYPQ\��kV j � y I z	z/� c RnPSTSR h t t j R i RU�kV �koYV c RUPSTSR h t,t osVXR j ykR h i TkV � ++B Od� C OSVXR R�V8\k�kV Z C  {PStykoYWsoYVXR Z R i Rn�kV � h�j c RUPQTSR h t,t i \ ZUVXR � os\ i �Gt oxZ��kVXt � PStykosWYVXR
T ++

� T i i � Q VXR j oYPQ\ XbCYXwCY� � C
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�9W j l oY\kT h ~�V{OSV8RUW h \kTQZ � hQj c RUPST h t t V8oY\kV F h ZUVXo � �kosV9VXos\>t i WxZpoEykWYV j h V�� i VX\q� h WsoYTS\kt,VX\ ZX�
~�V j ZUV TkV8\k� hQiqj t VHTkRUV8RUVX\ � h i ~L� � h i ~LZ	�by VX\E�cVX\ Z9Ta��WsZ�� i \k� VXos\kV F h ZUVXoSt,osZEVXoY\qVXR P �kVXR�t,V T �
RUV8RUVX\ �9\qrCR h TSV j V�� i V8\k�XV8\ C`F osV j V't y jnj V8\ oY\�VXos\kVXt ~ V j ZpoYt,t�ZUVX\ ��� i t 	L� h � ��� 	aPSRnt h Z
B B[�1C �gTk\kWso i TkV8\ � 	IPQRUt h Z7OSPSRnWYoYV8TSVX\ � F VXR � h t,V�V8oY\kV8R h V � i VX\k�6o j Z � i R i T � hQj � VXo i TqVX\ �> �OSPSR7�kV8t VX\ Z j ykRUV i TkVX\q�kVX\ � h t V8\,TQVX|QV8\k\k�8VXo i Tq\kV8ZX�q�kosV h V�� i V8\k� j VXWY~ j Z j ZpVHT Z�os\,�qVXR7� h R��
hQi 
�PSWYTQVX\k�kV8\ � V8oYWsV C�F V8R��{\ ZpVXR j i TkosVX� � i t 	L� h � ��� 	aPSRnt h Z&o j Z � h ~�V8o ��� hQjnj os\k\kV8RfT h Ws~
� VX�kV8R h V�� i VX\q�9|QV8oY\kV � V8oYWYV8\ i t ~kRny i TkV�VXRnW hQi ~LZ j oY\k� C uw\ �kV8R l os\kT h ~ VX� h ZpV8oa�kV j t i WxZpo yqWYVX\h V�� i V8\k� h WYoYTQ\kt V8\ Z j t y jUj VX\ � ikj ��Zp�8WYo i T h WYWsV h V � i VX\k�8VX\�VX\ Z j ykRnV i TkV8\k� �kVXR h i ~qZ	�*y VX\
j PSR ZposVXRnZ j V8oY\ Cwx VX�kV8R h i ~qZ	�*ytR�oYRn�>� i R i T �>> �x�LTQV8rCPSWsTQZ�� i R i T/�kV8\ � h t,VX\>�qV j h i ~qZ	�*y j �TSVX|�VX\k\q�XVXo i Tk\kV Z C*F oYV[oETkt � i TSV8PSRU�q\kV8ZUVX\ h V�� i V8\k�XV8\zGa\k�qVX\ j o i T�os\ �kVX\�� h R hQi 
�PSWYTQVX\k�kV8\� VXosWYVX\E�qt,osZ � h t V i \k� h V�� i V8\k��ost-PS~ VX\�~ V j i TqRUoYV8~�V8\kVX\ 	aPSRUt h Z C  �PSt,t,VX\ Z h RnV&oY\q\kVXR��
T h Ws~��qVXR F h ZUVXoYV8\ j oY\q��\ko i T Z�V8RUW hQi ~qZ C� ikj � Zp�XWso i T � h � i R�osRU� VXoY\qV F h ZUVXoLt oxZ$�qVX\ � i R hbi Ta� Zp� i \kT6�kVXR l t o jUj osPS\ j R h TqR j i TqVXoY\qWYo i T �
|QV8osZpV8\ � ��~ j i Tk\qosZUZ V<C XwCEB � ~ VX\ m ZpoYT�ZpVX\ c:h R h t V ZpV8RU\�OQVXRUW h \kTQZX� � h �kosV j V rCykR � V8�kV j TSVXTSV8~�V8\kV
�9WsoYTS\kt,VX\ Z OQV j i TkoYV8�kVX\ j oY\k� C)F oYV j V c:h R h t V ZpV8R j i Ta��ZU�8ZUVX\ R�osR h \<T h \q��V8oY\kV j � R h oY\kos\kT j �
ykRUPQTSR h t,t j ��� hQj�h W j l oY\kT h ~�V,VXos\ t i WsZpoEykWYV j h V�� i V8\k� h WsoYTS\qt V8\}Z i \k� h W j � ikj T h ~ V'�kosV
c:h R h t,V8ZpV8R T h Z C)F oYV F h ZpVXo �a�koYV6�qoYV j V c:h R h t V ZpV8R[VX\ Z9Ta��WsZ��bR i RU�kV t h \ i VXWsW VXR j ZpV8WYWxZ C

�9W j PgyqZposPS\ h WsV c:h R h t V ZpV8R$| m \k\kV8\ �kVXt c RnPSTSR h t t��qoYV h ykR i \kTgR h TkR j i TkV8oY\kWso i Tk|�VXosZ P�����	� ��koYV ��������� � �����	� B rCykR �kVX\ � ������������������� � ~k� R C �kV8\ Q osZUVXRn~kox� �9WYTQPSRUoxZ9Tkt iqj � i \k� �kosV
 �PS\ j VX\ jUikjnj y h WxZpV8\k|}RUosZUVXRnoYVX\ c i \k� t yk~�V8RUTSV8~�V8\ R VXRn�kVX\ C

�{�
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� ikj �kV8t t i WxZpo yqWYVX\ h V�� i V8\k� h WYoYTQ\kt V8\ Z7VXRU�8V i T�Z7� hQj c RUPSTQR h t,t1V8oY\ � y I z	z C{F oYV c:h R h �
t,V8ZUVXR�� i R hbi Ta��ZU� i \kT �qVXR m ~�V8RUT h \kT j R h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\ �kV j � y I z	z j6j oY\k��rCV j Z&TSV �
R��gTkWxZ i \k� ost c RnPSTSR h t t � � P �kV VX\ Z9T h WsZUVX\ C 	$ykR � V8�kV[�9\qrCR h TSV j V�� i V8\k� R�oYRn� �kVXR Q osZUVXRU~qox�
c r h ��� i R i T � hQj � y I z	z i \k���koYV ��VX|�PSt ~kos\ h ZUoYPS\ hQiqj �qVX\�oYt ��WYosTS\kt,VX\ Z6TSV8TSVX~ VX\kV8\
� h i ~L� � h i ~qZ	�*y�V8\ ~ V j ZUoYt,t�Z C

� ��� � �*% 	�/ � �
F oYV6� iqj T h ~ V6�kV jjc RnPSTSR h t t j o j Z�VXos\kV F h ZUVXo �q�kosV6�koYV ��VX|�PSt ~kos\ h ZUoYPS\>V8oY\kV8R[PL�qVXR[t,V TL�
RnVXRnVXR��9\qrCR h TSV j V�� i V8\k�XV8\ hQikj �kV8\ oYt t i WxZpo yqWYVX\ h V�� i VX\q� h WsoYTS\kt,VX\ Z�TSV8TSVX~ VX\qVX\ � h i ~L�
� h i ~qZ	�*y VX\�VX\ Z9Ta��WsZ C<F oYV j V � ikj T h ~ VX� h ZUVXo�WsoYVXT�Z[oY\/�HR VXo�OQVXR j i TkoYV8�kVX\qVX\ 	aPSRnt h ZUVX\>OQPSR��
� h W j � i �ao j Z i \kT h WYWsVXR$oY\ �kV8R��9\qrCR h TSV j V�� i V8\k�{TSV8r i \q�kVX\kV8\ � h i ~L� � h i ~qZ	�*y�V8\ t,osZ$�9\kT h ~�V
V8oY\kosTSVXR c$h R h t V ZpVXR �kV j � y I z	z j � h W j ��V8o j yqoYVXW�o j Z �kosV,� ikj T h ~�V�V8oY\kV8R � VXo j ykoYV8W j V�� i VX\q�
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� h W j � ikj T h ~�V �kVXR �{V8|QPSt�~koY\ h ZpoYPQ\�t,osZ �kV8\ VX\ Z j ykRnV i TkV8\k�kVX\ ��R i i T j ZUVXWsWYVX\ oY\ �kVXR h V �
� i V8\k� � h W j ��VXo j ykosVXW
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� ikj � Zp�XWso i T � i �koYV j VX\ ~�V8oY�kV8\�� ikj T h ~�V � F h ZUVXosVX\MR�oYRU� VXos\kV F h ZpV8o}t oxZ �kVXR �{V8|QPSt�~koY\ h ZpoYPQ\
�kVXR���\qrCR h TQV j V � i VX\k� oYt l V8\kVXR h Wx� 	IV h Z i RUV � 	aPSRUt h Z � l 	 	 �
��
�����������	����������������! "�#�%$&�(')*��+�,�-������ �����-*,� !.*�!�/����0�1�1 � VXR j ZpV8WYWxZ C �9W j � VXo j ykoYV8W7o j Z �kosV
� ikj T h ~ V �kVXR h V � i VX\k� � ��! �����&+ � � h \qTSVXTSV8~�V8\ �
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�
��������)�*�!&����);�(��+���,������ �'	��;���������� �!��43.��?��(����7��53'�
��?��(����7����������� FHA A A&P�E�B � 6 �
��?��(����7����������� I A(P�E�P B���C	� � 6 �
��?��(����7����������� FHA B���C�E ����C�C � 6 �
��?��(����7����������� C�A(#�F�G ����C"A ��B	��B � 6 �
��?��(����7����������� I ��B���P ��P�E	� � 6 �
��?��(����7����������� FHA ��P�E	� �	�'B	� � 6 �

� VXosWYVX\ �koYV{t,osZ �kVXt � VXo i TkVX\ �87 �q~ VXTSos\k\kV8\ �L|�VX\k\q�XVXo i Tk\kV8\  {PSt t,VX\ Z h RU�8VXoYWsVX\ C ��WYWsVJR VXo �
ZpV8RUVX\ � VXosWYV8\GTQVX~ VX\G�koYV>OQPSRfTkV8RUTSV jph T�ZpV �{V8|QPSt ~qoY\ h ZUoYPS\ �qVXR,�9\qrCR h TSV j V�� i V8\k� hQiqj �qVX\
� h i ~L� � h i ~qZ	�*y VX\)�kVXR�TSVXTSV8~�V8\kVX\ h V � i VX\k� r h t,oYWYosV t,osZ �kV8\GV8\ Z j yqRUV i TqVX\k�kV8\ ��R i i T j ZpVXW �
WYV8\�R�osVX�kV8R C?x VX�kV � VXosWYV VX\ Z j ykRUo i T Z&VXos\kVXt � h i ~L� � h i ~qZ	�*y C?F VXR{VXR j ZpV l os\ ZpR h T V8oY\kV8R � V8oYWYV
VX\ Z9Tk�QWsZ[�qVX\ � h t V8\ �kVXR h V�� i VX\q� � ��! �����&+ � � �L�qVXR[�HR VXoxZpV l os\}ZUR h T �qVX\ � h t V8\ �kV j c RUP �
TSR h t t j �:9 � � - - � � � hQj �kosV Q PSRSTkVXR jph TSV rCykR9�koYV���VX|�PSt ~kos\ h ZUoYPS\	�qVXR h V�� i V8\k��VXR j ZpV8WYWxZ
T h ZX� i \q� �kVXR �kRUoxZUZUV l oY\ ZUR h T �kVX\ OQPSRfTqVXRUTQV jph TQZpV8\ � h i ~ � � h i ~qZ	�*y C F oYV��9\qr h \qT j � i \k�l \k�L� c P j oxZposPS\'�kosV j V j � h i ~L� � h i ~qZ	�*y�V8\ oY\'�qVXR h V�� i VX\q�&o j Z�ost OLosVXR ZpVX\'~k�HR C rCyk\qrNZUVX\ l oY\ �
ZpR h T h \kTQVXTSV8~�V8\ C<F h�j � VXo i TkVX\ �8; �qost j oYV8~�V8\ ZpVX\ l oY\ ZUR h T j ZpVHT Z[rCykR��kV8\ Q PSRSR��QR Z jUj ZpR h \kT
�kVXR���\qrCR h TQV j V � i VX\k� CF oYV OQPSRfTqVXRUTQV jph TQZpV ��VX|QPQt ~koY\ h ZposPS\&VXos\kVXRE�9\qrCR h TSV j V�� i V8\k� | h \q\ t,osZfTkoYWxrCV �kV j!c RUPSTQR h t,t j
$�< ��� � B B�C O o jniah Wso j osVXR Z R VXRn�kVX\ C ��W j � VXo j ykoYV8WEo j Z[os\ �9~k~ C_�bCEB �qoYV Q o jUikh WYo j oYV8R i \qT��kV8R �{V �
|QPSt�~koY\ h ZpoYPQ\ �kVXR h V � i VX\k� � ��! �����&+ � �kTSV8TSVX~ VX\ C
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This plot has been obtained using gff2ps. The most recent version of gff2ps is freely available at "http://www1.imim.es/software/gfftools/GFF2PS.html". Copyright      1999 by Josep F. Abril & Roderic Guigo

�9~k~kosWY� i \kT �bC B �kT�
 O y j � Q o jUiah WYo j oYV8R i \kT��kVXR��VX|QPQt ~koY\ h ZposPS\ VXos\kVXR{��V8o j yqoYVXW j V � i VX\k�

� ��� � / ����
��#� � �*�*) � � �#� � ����0 � �&)*/ 0��

F VX\ I�hQi yqZnZpV8oYWa�kV j ~ VX\ m ZpoYT�ZpVX\ h y VXo i TkVXRn~�V8� h R r j i \q� �kV8R � hQi rC�XVXoxZ7�kV j�� y I z	z j \koYt,t�Z
�qVXR Q oxZpVXRn~kox� �9WsTSPSRUoxZ9Tkt ikj V8oY\ CKh VXo VXos\kV)�9\qrCR h TSV j V�� i V8\k�G�kVXR � �Q\kTSV l TQVXTSV8~�V8\ CLh VXo
S = {S1, . . . , SK} V8oY\kV h V � i VX\k� r h t,oYWYosV i \k� K ′ ≤ K �qoYV �9\k� h TkW h WsWYV8R h i ~qZ	�*y VX\
os\ S

C h VXo m �koYV �9\q� h TkW h WYWYV8R � ikj Zp�Q\k�kV�oYt � ikj Z h \k� j R hQi t Z �qV j � y I z	z j C�� V T �
t,VX\ R�oYR h \ �{� hQjUj �kVXR Q osZUVXRn~kox� �9WYTQPSRUoxZ9Tkt iqj � ��~ j i Tk\qosZUZ V<CYO � PDTq\kV uw\ ZpV8TSR h ZpoYPQ\ �kV j
� ������������������� �w��WYTSPQRUosZfTkt ikj � i R i TkTQV8rCy<TkR ZMR�oYRU�E�E� h \q\4~�V8\ m ZposTSVX\ R�osR&� i R h y�V8o i TkV8R i \qT
h WYWYV8R'� i ~ VXRnV i Tk\qVX\k�kV8\ Q oxZpV8RU~ko � Q h Rno h ~kWsVX\GVXos\kV�z h ZURUo � �kV8R l R m jUj V l × m

C ��W j � VXox�
j ykoYV8W�~ V8ZUR h i T ZUVX\�R�oYR,� hQj OSPS\ i \ j � i R'� iqj R VXRnZ i \kT �kV8R l VX\ hQi oYTS|�VXosZ,�kV8R Q PSRSTkVXR jph �
TQV�V8oY\kV j � y I z	z j �  h y C � � OQVXR R�V8\k�kV8ZUV4t i WxZpo yqWYV h V � i VX\k� h WYosTS\kt,VX\ Z,�kV j I u Q � � �by jBgC F osV j V j �9WsoYTS\qt V8\}Z,~ V j ZpV T Z hQiqj 14

� h i ~L� � h i ~qZ	�*y�V8\ � �kV8RUVX\ h V�� i VX\q�XVX\ � VHR VXosW j VXox�
\qV � ��\kTSV�OQPS\ i h C 10000nt T h ~ VX\ C � V Tkt,VX\�R�osR h \ ��� hQjnj � VX�kV8R h i ~qZ	�*y � VHR VXosW j 10000
 {PS\ j VX\ jnikjUj y h WsZUVX\ V8\}ZfTa�QWxZ�� � h \k\ ~�V ZpRp��TQZ'�qoYV��9\k� h TkW{�kVXR �kVXt �9WsoYTS\qt V8\}Z�� i TSV8PSRU�L�
\qV8ZpV8\ � ikj Zp�Q\k�kV m = 3 · 14 · 10000 = 4.2 · 105 � � h�� VX�qVXR" �PQ\ j V8\ jUikjnj y h WsZpV 3

� i �
j Z��Q\q�kV'� i TSVXPQRU�k\kV Z R VXRU�qVX\ C 	:ykR�V8oY\kV,�9\LrCR h TSV j V � i VX\k� �kV8R � �Q\kTQV l = 10000 t y jnj VX\h W j P l · m = 10000 · 4.2 · 105 = 4.2 · 109 Q oxZpV8RU~ko � Q h Rno h ~kWsVX\4TSV j y VXo i TkVXR Z R�V8RU�kV8\ C`F h
R�osR9� i R h y VXo i TqVXR i \kT �kVXR9~�V8RUV i Tq\kV8ZUVX\ " h TkR j i TkV8oY\kWso i Tk|�VXoxZpVX\4ost Q osZUVXRn~kox� �9WYTQPSRUoxZ9Tkt iqjl WYV8osZU|QPSt,t h � h TkWsVX\GVXos\qr h i TkV8R l V8\ hQi osTS|QV8osZ ��� 	 ����� 4 � �
	�� ���� �
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4 · 4.2 · 109 = 15.7 89� C F 0�� i T �� �4: � 	�� � �� #	  % �;� �*$ ���������������������<�=+3" � %.�  	9T�/10�$ ��
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P3Y ^ PSY I [ J_^ nuP3w J ~.PSR_y I g�RmP3Y � L [ J ehg�Y�n ^_^�� ` � ` � ! w.P J ehg }j^ Z ^ ` iMP3n αM,σi

[�Z o ` αI,σi
a σi ∈ Σ a

Σ = {A, C, G, T} a�N�PSR w I R I v P ^ PSR N�PSRqbUnuRmn�ehg�zuP ^_V 3 PSR ^ PSnsz W Y�wFZ W R i�ehg }&^ Z W Y�w	N�PSR+(pv$n J VJ nu�'Y J�o I g�R J ehg�PSnsY�zun�ehg��.P3n ^ N�P J i s vk[��'z J σi nuYFPSnsY�PSv KtI&^ ehg V [�Z o `{PSnsY�PSv T Y J P3R ^_V D W�J_^ I Y�N[`
bUnuPq~'�'Y W Y J w'P J ehg }&^ Z ^ PSY w I R I v P ^ PSR ~αM := (αM,A, αM,C , αM,G, αM,T ) y � R+NQnuPS(pv n JmJ n V
�.Y J�o I g�R J ehg�P3nuY�zsnfehg��jPSn ^ PSY�N�PSR KtIj^ ehg V D WQJ_^`} Y�N�P [�Z o `
~αI := (αI,A, αI,C , αI,G, αI,T ) y � RrN�nuP T Y J PSR ^_V (pv$n J_J nu�.Y J�o I g�R J ehg�P3nuY�zsnfehg��jPSn ^ PSY J nuYQN
y � R/1 T93

~αM = (0.0895, 0.0474, 0.062, 0.053)

~αI = (1.0106, 1.0058, 1.0089, 1.0057)
� � ` �'!

W Y�N�y � R/1 �43
~αM = (0.0318, 0.0427, 0.0402, 0.0340)

~αI = (1.0006, 1.0006, 1.0006, 1.0006)
� � ` �o!

� � RUNQnuP nsY � � ` � !+I YQw'PSw'P3[]P3Y�PSY w I R I v P ^ PSR PInsert, PD,init
W Y�N PD,ext ~.PSRmw.zunfehgQPSY o nsR+y � R~.PSR J ehg�nsPSN�P3Y�P i t R W YQw oBI g�R J ehg�PSnsY�zun�ehg��.P3n ^ P3Y Pjump N�nuPU~'�'v p�t 1 KxK�V�w Rm�'w.R I v$v ~.�'R�gQPSR V

w.P J I w ^ P x+P"�.�'v [�nuY I&^ nu�.Y I zuzuP3R � x � J N�P J 5HR I nsY�nuYQw J N I&^ PSY J Ij^ ZSP J v$n ^ N�P3R P3Y ^mJ�t R_Plehg�P3Y�N�P3Y|a
nsY	N�PSR I � ^ W PSzuzsPSY�.�n ^ PSR I&^ W R ~.PSR�#!$bP3Y ^ zun�ehg ^ PSYcx+P"�.�'v [�nuY I&^ nu�.Y[`
e PSR � eh� J nfehg ^ nsw ^ o>W R_N�PSY)N I [�PSn N�nuP$nuY N�PSRdx+P"�.�'vk[QnuY Ij^ nu�'Y I.W y ^ RmP ^ PSYQN�PSY � i W [ V ! i W [ ^>sXVt PSYbadN�nuPqLUY�Z I gQz�N�PSR+e R W ehg J_^ PSzszuPSY W Y�N�N�nsP w � J n ^ ns�'Y	N�PSR+e R W ehg J ^ PSzszuP3Y[`
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b nuP i t R W Y�w o I g�R J ehg�PSnsY�zun�ehg��.P3n ^ a'N�nuP N�nuP g�#�ehg J_^ P D I g�z I Y , []P3RmP3nuY J ^ nuv$v W YQw'PSYkZ o n J ehg�PSY
N�PSY�~.�'v p�t 1 KxK	V>w Rm�'w'R I v$v P3Rmv$n ^m^ PSz ^ PSY�x+P"�.�'v [�nuY I&^ nu�.Y�PSY W Y�N	N�PSY�~.PSR�#
$bP3Y ^ zun�ehg ^ PSY
b Ij^ PSY�zunuP7y PSR ^ aQn J_^

Pjump = 10−9
� � ` #o!

�-� R+N�nuP J Pdi t R W Y�w o I g�R J ehg�P3nuY�zsnfehg��jPSn ^ zunuP3w'PSY�y � R 70 � N�PSRU[]P ^ R I ehg ^ P ^ PSY � x � JUI zszuP�~'�.R V
g�PSR_w'P JmI w ^ PSY e R W ehg J_^ P3zuzsPSY nuY�Y�P3R�g I zu[ PSnsY�P J e P3RmP3nfehg J ~'�.Y 150nt N�P3R	PSY ^ J�t RmP"ehg�PSY�NQPSY
~'P3R�#!$]PSY ^ zsnfehg ^ P3Y e R W ehg J_^ PSzszuPSYB`jb nsP N W R�ehg J ehg�Y�n ^m^ zsnfehg�P L [ o PSnfehg W YQw N�PSRte R W ehg J_^ P3zuzsPSY
~'�'Y N�P3Y ~'P3R�#!$]PSY ^ zunfehg ^ PSY e R W ehg J_^ P3zuzsPSY y � R	N�nuP J P � x �dJ [�P ^ R } w ^ 27nt ` b nsPcL W�J o P3R V^ W YQwPgQnuPSR_Z Wno>W R_N�P$~.�'Y K nuYQw D g I Y�w I v .�� J LUz I v$� J � Ij^ nu�'Y I z�. I [��'R Ij^ �'R s � .�L � . !
~'�'R_w'PSYQ�'v v$PSYB`
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b nuP x>Pl�j�'vk[�nsY Ij^ nu�'Y�NQPSRMiMP"k W PSY�Z3PSY NQPSR|~{nuP3R 5 P J_^ N Ij^ P3Y J }j^ ZSP o>W RmNQPpv n ^ g�nszsy PHN�P J�p�t 1 KxK�J
[]P J_^ nuv$v ^ aXN�P JmJ P3Y w I R I v P ^ PSR I.W y9N�P3v w.PSw'P3[]P3Y�PSY K iML W Y�N�N�P3YPiMPlk W P3Y�ZSP3Y�N�P J 5 R I n V
Y�nuYQw J N I&^ PSY J Ij^ ZSP J w'P J ehg }j^ Z ^ [�Z o ` PSv t nsRmn J ehg	PSRmv$n ^_^ P3z ^,o>W R_N�PSYB`0bUnuPq~'�'v p�t 1 KxK ~'�'R V
g�PSR_w'P JmI w ^ PSY�i W [ ^>s�t PSY W YQNhN�nuP PSY ^ J�t RmP"ehg�PSY�NQPSY�e R W ehg J ^ P3zuzuP3Y o>W R_N�PSYFv$n ^ N�PSYh[�Pl� I YQY V^ P3Y|a0� � Y J_^ zsnfehgcP3RmZSP W w ^ PSYc[�Z o `]~'P3R�#!$]PSY ^ zunfehg ^ PSY b Ij^ PSYt~.PSR_w'zun�ehg�PSY[`Bb nuP (pRmw'P3[�Y�n JmJ PDy � R
N�nuP � � Y J_^ zun�ehg�PSRmZ3P W w ^ PSYPi{Plk W PSYQZSPSY � SaTWVUX�Y ! ~.�'Y>1 T93 ~'P3Rmw'zsnfehg�P3Y o nuR Z W�J }&^ ZSzsnfehg�v$n ^
N�PSY	y � RBNQnuP J PSzs[]P3Yci{Plk W PSYQZSPSYtN W R�ehg	N IjJ w R_�'w'R I v v V�w I �.P ^)K � Ij�
	f��} ( �.�&* a�P3nuY�P J N�PSR I v
g }.W ��w J_^ PSY ~'P3R o PSY�NQP ^ P3Y T)P3R��XZSP W w'P�Z W R 3 �'R�g�PSR J I w'P$~'�'Y x+P"�.�'vk[QnuY Ij^ nu�'YQPSY|a�P3R�g I z ^ P V
Y�PSY (pRmw'P3[�Y�n JmJ P
`
iMnuv t zs� ^ []P3nuY�g I z ^ P ^ Z o P3n-~'P3R J ehg�nuP3N�PSY�P K P ^ g��{N�P3YcZ W R T NQPSY ^ n��@� Ij^ ns�'Y�~.�'Y x+P"�.�'v [�nuY I V^ ns�'Y�PSYba&NQnuP p P o PSnsz J N�nuP tdI'I R o P3n J P�� g�Y�zun�ehg��.P3n ^ N�PSR L YQy R I w'P J Plk W P3Y�ZBZ W p PSNQPSR<x>P3y P3RmP3Y�Z J P V
k W PSY�ZUv n ^m^ PSz J PSnuYQP J��	 ���!� |���� � | � ����UI.W ybN�PSv v W z ^ n t zuP3YhL zsnuw'Y�v$PSY ^ I zuzuP3Rp[]P ^ R I ehg ^ P ^ PSY
iMPlk W P3Y�ZSP3Y�[]P J_^ nuv$v P3Y[` D W v P3nuY�P3Y o nuR_N nsY�Y�P3R�g I zs[ NQP J [�P ^ R I ehg ^ P ^ P3Y � PSY J ^ P3R J NQnuP t Rm� V
ZSP3Y ^mWdI zsP T N�P3Y ^ n ^ }j^ N�PSRHL YMy R I w'P J P"k W PSY�ZBZ W p P3N�PSRHN�PSR x>P3y PSR_PSY�Z J P"k W PSY�Z3PSY$[]P3RmPlehgQY�P ^-W Y�N
N�PSR v$n ^m^ zuP3RmPSY w � J n ^ nu�.Y$NQPSR L YQy R I w'P J Plk W P3Y�Z�nuY$N�nsP J P3v � P3Y J_^ PSR Z W w.PS�'R_N�Y�P ^ ( �.�&* `�b W R�ehg3 PSR J ehg�nsPS[�PSYkN�P J � PSY J_^ P3R J PSY ^ z I Y�w+N�nuP J P J L zsnuw'Y�v$PSY ^mJ � �	 ���!� |���� � | � ���U! �!#'Y�YQPSY J � p PSN�P3Rw � J n ^ nu�'Y\N�P3R LUYQy R I w'P J Plk W PSYQZ1N�nsPky � RqN I.J PSY ^mJ�t R_Plehg�P3Y�N�P � PSY J_^ P3RD[�PSR_Plehg�YQP ^ P3Y T PSR ^ P
Z W w.PS�'R_N�Y�P ^�o PSRmNQPSY[` b nuP J P>T)P3R ^ P o PSR_N�PSY�v$n ^ PSnuYQPSv J �.w�`  � I � 	 G�L � }��U�
	f��} w'R I!t g�n J ehg
N I R_w'P J ^ PSzsz ^ a J �cN I.J_J y � R p P3N�PUx>P3y P3RmPSYQZ J P"k W PSY�Z	P3nuY�P1g W R_~'P�P3Y J_^ Plg ^ a-N�nuP N�nuP��jg�YQzunfehg V
�.P3n ^ Z W R$L YMy R I w'P J P"k W PSY�Z�[]P J ehg�R_PSnu[ ^ `mb nuPPx>P3y P3RmPSYQZ J P"k W PSY�ZjaBN�P3RFy � R$P3nuY�P�[�P J_^ nuv$v ^ Pw � J n ^ nu�'Y\N�P3RDLUYQy R I w.P J P"k W PSY�Z N�nuP g�#'ehg J ^ P T N�PSY ^ n ^`}j^ Z W w'PS�.RmN�Y�P ^Wo nsRmN|a�w.nu[ ^ N�P3Y i W [ V^>s't\I Y|a N�PSR+y � R NQnuP J P w � J n ^ nu�.Y�~.�'R�g�P3Rmw'P J I w ^ o nuR_N[`Cb nuPDZ o PSn ^ P nsYniMnsv t zs� ^ ~'P3R o PSY�NQP ^ PK P ^ g��{N�P n J_^ � �2��}�'MHG!|@| � |�� ( ��%j* ` 1UnuP3R o nuRmN$y � R N�nuP p P o PSnsz J []P ^ R I ehg ^ P ^ PSY�LU[ J ehg�YQn ^m^ P N�P3R
iMPlk W P3Y�ZSP3Y PSnsY t g s zu�.w'PSY�P ^ n J ehg�P3R e IjW v�PSR_ZSP W w ^ ` w � J n ^ nu�'YQPSY|a I Y N�P3Y�PSY J nfehg N I.JS3 PSR V
Z o PSnsw W Y�w J v W�J ^ PSR+N�P J e I.W v$P J+} Y�N�P3R ^ adv I R��XnuPSR_PSYPx>Pl�.�.vk[�nuY Ij^ ns�'Y J V e R W ehg J_^ PSzuzsPSY[`
b nuP (pRmw'P3[�Y�n JmJ P�y � R$N�nuP�5 P J_^ N Ij^ P3Y J }&^ ZSP o>W RmN�P3Y�y � R61 T93 ~'�'Y K nuY�w D g I Y�w W Y�N y � R
1 �43 ~'�.Y �BI R_z I g W nf�jPSY � .�L � . !BI.W�J w.P o PSR ^ P ^ `
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� � R NQPSY 5HP J ^ N Ij^ PSY JmIj^ Z SaTWVUX�Y J ^ nsv v ^ PSY N�nuP ~'�.v p�t 1 KxK ~.�'R�g�P3Rmw'P J I w ^ PSY�i W [ ^>s't P3Y
NQPSR p P o P3nuzunsw'PSY�x+P"�.�'v [�nuY I&^ nu�.Y y � R I zuzuPjiMP"k W PSY�Z3PSY�v n ^ N�P3Y�w'PSw.PS[�PSY�P3Y�b Ij^ P3Y � []P3RmP3nuY|ao �'w'P3w'PSY P J LU[ o P3nfehg W Y�w'P3Y)y � R�NQnuP w � J n ^ nu�'YQPSYcN�P3R�~'�'R�g�PSR_w'P JmI w ^ P3Y)e R W ehg J ^ P3zuzuP3Y w I [[`D W R e P J_^ nuv$v W Y�wrNQPSR-f"P3Y I.W nsw��.P3n ^ N�P3R9~.�'v p�t 1 KxK ~.�'R�g�P3Rmw'P J I w ^ PSY e R W ehg J_^ PSzuzsPSY o>W R V
NQPSY"~'�'Y K nuYQw D g I Y�w J � o ��g�zoy � R�N I.J�p�t 1 KxK I z J9I.W ehg y � RMi{nuv t zu� ^ y � R p PSN�P iMP"k W PSY�Z N�P J
b Ij^ P3Y J Ij^ ZSP J N�nuPFLU[ J_^ } Y�N�P$N�PSR"~'�.R�g�P3Rmw'P J I w ^ PSY e R W ehg J ^ P3zuzuP3Y)Z W N�P3Y PSY ^ J�t RmP"ehg�PSYQN�PSYo nsR��Xzun�ehg�PSYte R W ehg J_^ PSzuzsPSYx[�P J ^ nsv v ^ ` �-� R+N�nuP�� � Y J ^ zun�ehg�PSYniMPlk W P3Y�ZSP3Y v$n ^ e R W ehg J ^ PSzszuP3YI Y p P3N�PSR 1000 V J ^ P3Y w � J n ^ ns�'Y J nuYQN�N�nsP J P�nsY�NQPSRSapP3[]P3YQy I zsz J ~'�.Y K nsY�w D g I Y�w I Y�w'P7y PSR V^ nuw ^ PSY|a L [Q[[` � ` � N I Rmw'P J_^ PSzuz ^ ` �-� R N�nuP�[]P3nuN�P3Y�~'P3R J ehgQnuPSNQPSY�P3Y LUR ^ P3Y�~'�'Y i{Plk W PSYQZSPSYba{�|@}�~ L J9K ��� }��h� J L�~h�*�QI �l� | G!|@}�~ W Y�N {�|@}�~ L J9K ��� J9K ��� }���� J L�~h�*�QI �l� | G!|@}>~ i{Plk W PSYQZSPSYba�[]P3RmPlehg V
YQP ^ P3Y o nuR p P o P3nuz J N�P3Y K PSN�n I YkN�P3R L [ J ^`} YQN�P W Y�NFN�P3Y T Y ^ PSR�k W�I R ^ nuz JmI [ J ^`I Y�NB`�b nsP J P J nuYQN
nsY>5 I [�PSzszuP � ` � I Y�w.PSw'P3[]P3Y[`

p�t 1 KtK iMnsv t zu� ^{�|@}�~ L J9K ��� }��h� {R|@}>~ L J9K ��� J9K ��� }���� {�|@}�~ L J9K ��� }��h� {R|@}>~ L J9K ��� J9K ��� }����
K PSN�n I Y 10 9 53.5 84T�� L 4 − 15 3.5 − 19 19 − 72 19.5 − 122

5 I [�PSzszuP � ` ���{K PSNQn I Y W Y�N T Y ^ PSR�k WdI R ^ nsz JmI [ J_^ I Y�N � T�� L ! N�PSR L [ J ^`} YQN�P N�P3R ~.�'v p�t 1 KtKW Y�N ~.�'Yai{nuv t zu� ^ ~'�'R�g�PSR_w'P JmI w ^ P3Y�e R W ehg J ^ PSzszuP3Y1Z W N�P3Y o nuR��XzunfehgQPSY$e R W ehg J_^ PSzuzsPSY$y � R N�nuP{�|@}�~ L J9K ��� }��h� JHW Y�N {R|@}>~ L J9K ��� J9K ��� }��h� J L�~h�*�QI �l� | G!|@}�~R| iMPlk W P3Y�ZSP3Y

,+v�PSnsY�P L W�JmJmI w'P � []P3RDv�#'w'zsnfehg�P3R o PSn J P J nsw'Y�n���� I Y ^ PU,UY ^ P3R J ehgQnuPSNQP�nuY N�PSR 3 �'R�g�PSR J I w'P
NQPSR-[�PSnsN�PSY w Rm�'w'R I v$v P ^ R_P"$]PSYkZ W �!#.Y�Y�PSYba o PSY�N�P ^ P3Y o nsR NQPSY 3 �'R_ZSP3nfehg�P3Y�R I YQw ^ P J_^ Y I ehg
T nszfe3� % �'Y ( �  *+I YB` K n ^ g�nuz y P�N�nuP J P J Y�n�ehg ^_V>t�I R I v$P ^ Rmn J ehg�P3Y 5HP J ^ J zunuP JmJFJ n�ehg y P J_^mJ_^ P3zuzsPSY|a
N I.JmJ NQnuP K PSN�n I Y�PDN�PSRUL [ J ^`} Y�NQP.abNQPSR ~.�'v p�t 1 KxK W Y�Nt~'�.Y�iMnuv t zu� ^ ~'�'R�g�PSR_w'P JmI w ^ P3Y
e R W ehg J ^ P3zuzuP3YFZ W N�PSY o nsR��Xzun�ehg�PSYFe R W ehg J ^ PSzszuP3Y|a.y � R NQnuP {�|@}�~ L J9K ��� }��h� J L�~h�*�QI �l� | G!|@}�~R| iMP V
k W P3Y�ZSP3Y y � R p < 10−9 W Y�N y � RkN�nuP {R|@}>~ L J9K ��� J9K ��� }��h� V R_Pl�.�.vk[�nuY I Y ^ PSY iMPlk W P3Y�ZSP3Y y � R
p < 10−7 J nuw'Y�n��@� I Y ^ ~.PSR J ehg�nsPSN�P3Y J nuY�N[`�b nuP 3 �'R�gQPSR JmI w'PxNQP J�p�t 1 KxK�J n J_^ y � R1N�nsP J P
i{Plk W PSYQZSPSY I z J �$w.PSY I.W PSR I z J NQnuP 3 �'R�g�PSR J I w'P"v$n ^ iMnuv t zu� ^ `
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J�t RmP"ehg�PSYQN�PSY e R W ehg J_^ PSzuzsPSY I Y�y I z J ehg�PSY w � J n ^ ns�'Y�PSYt[]P J_^ nsv v ^ a o �{N W R�ehgxy � R � x �dJ a]N�nuP
NQnuP J P i W [ ^>s't PSY1P3Y ^ g I z ^ P3Y|ao�.y ^ P3nuY�Pzx>Pl�.�.vk[�nuY Ij^ ns�'Yk~'�'R�g�PSR_w'P JmI w ^ o>W R_N�P.aoN�nsPrY�nfehg ^ v$n ^
NQPSY	~'PSR�#!$]PSY ^ zsnfehg ^ P3Ycb I&^ PSY � [�PSR_PSnsY J_^ nuv$v ^ ` �-� RziMP"k W PSY�Z3PSY�N�PSR�. } Y�w'P 500nt Y WM^ Z ^ PSYo nsRUP3nuY�P E ~HG�I�JQP�~ � }>~ ~'�'Y B = 10−45 J_^`I&^m^ B = 10−20 a�N I N�nuP J P iMPlk W P3Y�ZSP3Y Z W v 5 P3nuz
(pY�NMy R I w'v$PSY ^ PqP % n J ^ nuP3RmP3Y�N�PSR � x �dJ [�Z o `Ci W [ ^>s't P3Y J nuY�N|a W Y�N J �'v$n ^ N�PSY�zuP ^ Z ^ PSY�i tdI z V^ PSYxNQP J w'P3w'PS[�PSYQPSY K i{L } g�YQzunfehg J nsY�N[` �-� R+PSnuYQPUE ~HG�I�JQP�~ � }>~ ~'�'Y B = 10−20 o P3RmN�P3Y
NQnuP w y I N�P�nsv p�t 1 KxK a-N�nuP�P3nuY LUzunuw.Y�v P3Y ^ N�P3RhPSY ^ J�t RmP"ehg�PSY�NQPSY�LUYQy R I w.P J P"k W PSY�Z�v$n ^
NQPSY)zsP ^ Z ^ P3Y i t�I z ^ PSY N�P J K iML PSR_v #'w.zunfehgQPSY|a|[�PSR_PSn ^ J nuv e P I v V LUzuw'�'R_n ^ g�v W�JqI z J�� nuRmR_P V
zsP3~ I Y ^ P �[w y I N�P I.W�J w.P J ehgQzu� J_J PSYba o �{N W R�ehg\v #'w.zunfehgQPSR o PSn J PDPSnuYQPDy I z J ehg�P x>Pl�j�'vk[�nsY Ij^ nu�'Y
~.�'R�gQPSRmw.P J I w ^ o nuRmNB`
N T Q

�UI ehgag�P WQ^ nsw'PSv T n JmJ PSY J_J_^`I Y�N�PSY ^ g I z ^ PSY RmPl�j�'vk[�nsY I Y ^ P 1 �43+V iMP"k W PSY�Z3PSY	Y W R PSnuYQPUP3nuY V
Z3nuw'Pke R W ehg J_^ P3zuzsP W Y�N J P ^ ZSP3Y J nfehg J �'v$n ^ Y W R I.W�J Z o P3n ~'PSR J ehg�nsPSN�P3Y�PSY � i W [ V ! i W [ ^>s't P3Y
Z W�J I v v$PSY[` �-� RBNQnuP [�PSnsN�PSY�w.P ^ P J_^ PSY�iMPlk W P3Y�ZSP3Y JmI w ^ N I.J p�t 1 KtK p P3N��'ehg p P o PSnuz J Z o PSn
e R W ehg J ^ P3zuzuP3Y�~.�'R�gQPSRl`� � RUNQnuP i ^ ` w P ^ PSR J [ W R_w V x � N�P J 5 s�tQJ � [�7 � � o nsRmNxP3nuY�PWx>Pl�.�.vk[�nuY Ij^ ns�'Y�NQPSR�5 s't P3Y �.I a� � W Y�N � [|a nuY N�PSR w'PSY I Y�Y ^ PSY x>PSn�g�PSYMy �'zuw'Pja []P3w'nuY�YQPSY�N I Y w � J n ^ nu�'Y � N�P3RUiMP"k W PSY�Zja
~.�'R�gQPSRmw.P J I w ^ aMv n ^ e R W ehg J ^ PSzszuP3Y I Y�N�P3Y w � J n ^ ns�'Y�PSY 238/239 y � R N�PSY , []P3Rmw I YQw �.I 7 � [|aW Y�N 3186/3187 y � R � [�7 � �C`'b nsPry � R N�nuP J PjiMPlk W P3Y�ZU~.PSR�#
$bP3Y ^ zun�ehg ^ P.a W Y�N I.W y iMnuv t zu� ^ [ I&VJ nuP3RmPSYQN�P 3 �'R�g�P3R JmI w'PrN�P3R e R W ehg J ^ P3zuzuPrNQP J , [�PSR_w I Y�w J � [�7 � � J_^ nuv$v ^ v$n ^ NQPSRpw'P3Y I Y�Y ^ P3Yw � J n ^ ns�'Y � [�PSRmP3nuY[`� � R�N�nsP � � Y J_^ zun�ehg P3RmZ3P W w ^ P�x � N�P J 5 s't�J�� I 7 �.I o nuR_NcPSnsY�P x+P"�.�'v [�nuY I&^ nu�.YxN�PSR � �'R_v� I 7 �.I 7 � I ~'�'R�g�PSR_w'P JmI w ^ aov n ^ e R W ehg J_^ PSzuzsPSY I YFN�PSY w � J n ^ nu�'YQPSY 349/350 W Y�N 2759/2760 `
bUnuPhy � R"N�PSY Z W zsP ^ Z ^ w'PSY I Y�Y ^ P3Y , [�PSR_w I Y�w	~'�.R�g�P3Rmw'P J I w ^ P1e R W ehg J ^ P3zuzuP o PSnfehg ^ ~'�'Y N�PSR
P %QI � ^ PSY e R W ehg J ^ P3zuzuP W v 6 �+W �XzuP3� ^ nsN�P I [|a N I N�nsP J P J n�ehg I Y w � J n ^ nu�.Y 2765/2766 [�P V
��Y�N�P ^ `"L zuzsP w � J n ^ nu�'Y J nuY�N nuY 1 �43+V 1 V �UW v v$PSR_nuPSR W Y�w I Y�w.PSw'P3[]P3Y|aqN[`�g[`"N�nuP p P o P3nuz JI Y�w'PSw.PS[�PSY�P w � J n ^ ns�'Y�n J ^ N�nsP w � J n ^ nu�.Y I.W y"NQPSv x>P3y P3RmP3Y�Z J ^ R I Y�w 1 �43+V 1 � f"P3Yde I Y�� �K��*�j#*���'! a'N�nsPrN�PSR [�PSR_Plehg�Y�P ^ P3Y w � J n ^ nu�'YhP3Y ^mJ�t R_nfehg ^ � g ^m^�t[� 7�7
g�e3~C` z I YQzJ` w'� ~ 7�eS�'Y ^ P3Y ^ 7
g�e7~ V
NQ[�7�.Hi � L<5/(47&zu�'e Ij^ P!`�g ^ v z ! `
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(pnsY�P\N�PSR I v g }.W �dw J ^ P3Y ~'P3R o PSY�NQP ^ P3Y K P ^ g��{N�PSY Z W R T N�P3Y ^ n��@� Ij^ nu�'Y R_Pl�.�.vk[�nuY I Y ^ PSR
i{Plk W PSYQZSPSY�n J ^ iMnuv t zs� ^ `Mb nsP�nuv�~'�'R�g�PSR_w'PlgQPSY�N�P3Y LU[ J ehg�YQn ^m^ � � ` �'! [�P J ehg�RmnsPS[�PSY�P3Y (pR V
w.PS[�Y�n JmJ PkZSP3nuw'P3Y|a]N I.JmJ N I.Jmp�t 1 KxK	V�w R_�'w'R I v v x>Pl�j�'vk[�nsY Ij^ ns�'Y�P3YtnuYtw'PSY��.v n J ehg�P3Y iMP V
k W P3Y�ZSP3Y�~'�'Y 1 T93 W Y�N 1 �43 J PlgQR w WM^ IjW y N�Pleh�jPSYU� I Y�Y W Y�N nuY$N�PSY v P3n J_^ PSY � } zszuPSYhP3nuY�P
w.PSY I.W PSRmP 3 �'R�g�PSR J I w.PUN�P3R e R W ehg J_^ P3zuzsPSY$nuYhN�P3Y1[�P ^ R I ehg ^ P ^ PSYaiMPlk W P3Y�ZSP3Y�zunsP3y P3R ^ I z J iMnuv Vt zu� ^ `�*.P3N��'ehg o nuRmN I Y�g I Y�N�N�P3R (pRmw'P3[�Y�n J_J P I.W ehg J n�ehg ^ [ I R3aMN I.JmJ NQnuP J w'R�# JmJ_^ PSY ^ P3nuz J N I YQY
NQPSR ��I zuzbn J_^ a o P3Y�Yt~{nuP3zuP x>P3y PSR_PSY�Z J P"k W PSY�Z3PSY\N�PSRji W [ ^>s�t PSY�~'�'R_zunuP3w'PSYB` T v � I zuzb~.�'YtY W R
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J P"g�R o PSYQnuw'P3Y�x>P3y P3RmPSYQZ J P"k W PSY�Z3PSY	nuv K iMLDa o nsPBy � R N�nuP�1 T93UV i W [ ^>s't P3Y 1 a * W Y�N ghaon J ^
N�nuPqnsY�N�nuP J P3Y i W [ ^>s't P3Ytw'P3w'PS[�PSY�P T YQy �.Rmv Ij^ ns�'Y � [�PSR>N�nsP 3 PSR ^ PSnsz W Y�whNQPSR �UW �{zsPS� ^ nuN�PqnsY
N�PSYni tdI z ^ PSYtN�P J i W [ ^>s't�J Z W w'PSR_nuY�wQa W v N�nuP J P i W [ ^>s't P3Y\nuYtP3nuY�P3RULUYQy R I w'P J Plk W PSYQZhZ W
nuN�P3Y ^ n���ZSnuP3RmP3Y[`�(pnuY o PSn ^ PSR_PSR f"R W Y�N	N I y � R � I Y�Y J P3nuY|aQN I.JmJ N�nsP�y � R>N�nuP J P"N�RmP3nMi W [ ^>s't PSY
~'�'R_zunsPSw'P3Y�N�PSYciMP"k W PSY�Z3PSYxN�P3Y�P3Y ^ J�t RmPlehgQPSY�N�P3Y�i W [ ^>s't Y�nfehg ^+J P"g�R>w WQ^ RmP t R }.J PSY ^ nsPSR_PSY[`
b PSRrf"R W Y�N1y � R PSnsY�P Z W�J }j^ ZSzsnfehg�Pqx>Pl�j�'vk[�nsY Ij^ nu�'Y J ~'�'R�g�PSR J I w.P N�P JMp�t 1 KtK�JrI Y w � J n ^ ns�'Y
238/239 y � R-N�nuP,i ^_V>w P ^ PSR J [ W R_w V x � [�Z o ` I Y w � J n ^ nu�.Y 349/350 y � R NQnuP�� � Y J_^ zsnfehghP3RmZSP W w V^ P x � � I Y�YtN�nuP J Plg�Rjg���g�Phg+�'Y J PSR_~{nsPSR ^ g�PSn ^ N�P J 1 �43+V fqPSY��'v J nsv e PSR_PSnfehgcNQPSR�P3R J_^ PSY
350 �+W �XzuPS� ^ nuNQP J PSnsY|a J � N I.JmJ J nfehg N�nuP W Y ^ P3R J ehg�nuP3N�zun�ehg�PSY	fqPSYQ� ^>s't P3Y1nuY$N�nsP J P3v e PSR_PSnfehg
Y W R<� I.W v ~'�'YQPSnuY I Y�N�P3R W Y ^ PSR J ehg�P3nuN�P3Y[`'iMP3zu[ J ^ PSnsY�P t g s zu�.w'PSY�P ^ n J ehg�P>gqz IjJmJ n��dZSnsPSR W Y�w�N�P3R
f"P3Y�� ^>s't PSYtn J_^ nuY�N�nsP J P3v e PSR_PSn�ehg��.y ^ Y�n�ehg ^ v�#'w'zsnfehg � �BI Rmz I g W n��.PSYba W YX~.PSR�#!$bP3Y ^ zun�ehg ^ P
(pRmw'P3[�Y�n J_J P ! `
,Uv I z J �kPSnsY�P�w WM^ P 3 �'R�g�PSR J I w'PUy � RBRmP"�.�'v [�nuY I Y ^ P iMP"k W PSY�Z3PSYtZ W PSR�g I z ^ PSY|aMN�nuP J nfehg IjW�J
i W [ ^>s't PSY\Z WQJ I v$v P3Y J P ^ Z3PSY|a|y � RUN�nuPDY W R o P3Y�nuw.PkRmP t R }.J PSY ^`I&^ ns~.P�iMPlk W P3Y�ZSP3Y ~.�'RmzsnuP3w'PSY|aJ �'zsz ^ P�N I.Jqp�t 1 KxK v$n ^ I YQN�PSR_PSY K P ^ g��{N�P3Y|a o nsP�Z W v e PSn J�t nsPSz iMnsv t zs� ^ aI�.�'vk[QnuY�nsPSR ^o P3RmN�P3Y[` T v � I zuz PSnsY�PSRhw.Rm� J_J PSY ~'�.RmzunsPSw'P3Y�N�P3Y b I&^ PSYQv P3Y�w'P�ZSP3nuw'P3Y�NQnuP (pRmw.PS[�Y�n JmJ P p P V
N��'ehg|aMN I.JmJ PSnuY p�t 1 KtK PSnsY�P J Plg�R w WQ^ P K P ^ g��{N�PUn J_^ a W v w'PSY IjW P 3 �.R�g�P3R J I w'PSY � []P3R N�nsP
i W [ ^>s't Z W�J I v v$PSY J P ^ Z W Y�w W YQNkN�nuP P3Y ^mJ�t R_Plehg�P3Y�N�P3Y1e R W ehg J ^ PSzszuP3YknuYDRmPl�j�'vk[�nsY I Y ^ P3Y iMP V
k W PSY�Z3PSY	Z W�^ RmPR$bP3Y[` T Y�NQPSY�v$PSn J ^ P3Y1~'�'Y W Y J [�P ^ R I ehg ^ P ^ PSY �-} zuzsPSY1n J_^ N�nuP J P 3 �.R�g�P3R J I w'PJ �'w I R J PlgQRU~{nuP3zH[�P J_J P3R I z J NQnuPq~'�'Y iMnuv t zs� ^ aMPSnuYQPSR+N�PSR+Z W R D PSn ^UI v g }.W �dw J_^ PSYxw.PSY WQ^ Z V^ P3Y K P ^ g��{N�PSYB`�(pnuY 3 �'R ^ PSnszpN�P J p�t 1 KxK�J w'PSw.PSY � [�PSR i{nuv t zu� ^ n J_^ a9N I.JmJ a J ^`Ij^_^ P3nuY�nsw'PSR
x+P7y PSR_PSY�Z J Plk W P3Y�ZSP3Yt�{N�PSR PSnsY�PSR PSnuYQZSnuw.PSY�g+�'Y J PSY J_W�JmJ Plk W PSYQZ.a I zuzsP.aXZ W PSnuYQPSv i W [ ^>s't w'P V
g�#'R_PSY�N�P3Y�iMPlk W P3Y�ZSP3Y|a W Y�N N I ~'�'Y|a J_^ Ij^m^ PSnuYQnuw'P3R<i t�I z ^ PSY � � J zunuNQnuY�w o nuYQN�� o � ! a.N I.J w'P JmI v V^ P L zunsw'Y�v$PSY ^ [�P ^ R I ehg ^ P ^ o P3RmN�P3Y[`�(pnsY p�t 1 KxK � I Y�Y)N I N W R�ehg []P3n NQPSR T NQPSY ^ n��@� Ij^ ns�'Y
~'�'Y x>Pl�.�.vk[�nuY Ij^ ns�'Y�PSY J Plg�R ~{nuPSzQv P"g�R T YQy �'Rmv Ij^ nu�'Y�P3YhN�PSR [�PSR_PSn ^mJ []P"� I Y�Y ^ PSYai W [ ^>s't PSY
[]P3R � eh� J nfehg ^ nsw'PSY I z J iMnsv t zu� ^ `
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K n ^ g�nuz y P N�P J 3 n ^ PSRm[Qn V LUzuw'�.Rmn ^ g�v W�J �
#'Y�Y�P3Y o nuRpNQPSY 3 n ^ PSR_[�n V>w y I NhPSnuYQPSRpL YMy R I w'P J P"k W PSY�Z
s[1, l] N W R�ehg PSnuY p�t 1 KxK v$n ^ D W�J ^`I YQN J R I.W v Z+ [�P J ^ nsv v$PSY|a W Y�N J �'v$n ^ N�nsP o I g�R VJ ehg�P3nuY�zsnfehg J ^ PjapN�nuP J PSR iMP"k W PSY�Z�Z W w'R W YQN�PSzsnuPSw.PSY�N�PPx>Pl�j�'vk[�nsY Ij^ ns�'Y I.W�J N�P3Y�w.PSw'P3[]P3Y�PSY
i W [ ^>s't PSY nuN�P3Y ^ n��dZ3nuP3RmPSYB` ( J n J_^dp P3N��'ehg v�#'w'zsnfehg|a N I.J_J y � R�PSnuYQPc[]P J_^ nsv v ^ P w � J n ^ ns�'Y
N�PSRzi{Plk W PSYQZ P3nuY I YQN�PSR_PSRzi W [ ^>s�t�} g�YQzunfehg oBI gQR J ehgQPSnuYQzunfehg o nsP�N�PSRrnsv 3 n ^ PSRm[Qn V�w y I N1[]P VJ_^ nuv$v ^ P�i W [ ^>s't n J_^ `�b P J g I zs[ v I ehg ^ P J iMnsY�Y|a�y � R p PSN�P w � J n ^ nu�'Y N�PSR L YMy R I w'P J P"k W PSY�Z
N�nuP []P3N�nuY�w ^ P�T I g�R J ehg�P3nuY�zsnfehg��jPSn ^rI Y�Z W w'PS[�PSY|aQv n ^ N�P3R p PSN�P3RBN�P3RrnuY�N�P3RziMPlk W P3Y�Z3y I v nszunuP
PSY ^ g I z ^ PSY�P3Y i W [ ^>s't P3Y n�g�R Z W w'R W Y�N�P3zunuP3w ^ a]N�nuP J �'w�` G�Jf�@� R}�~ L � �QL � JQP�GQO L 'M�O@~ � | 	 � M�O*�*~ � }�~R|
N�PSR i W [ ^>s't P3Y[`
b nuP I&V>t � J_^ PSR_nu�'R_n V T I g�R J ehg�P3nuY�zsnfehg��jPSn ^ P3nuY�P J i W [ ^>s�tQJ Sj y � R�P3nuY�Pk[�P J ^ nsv v ^ P w � J n ^ nu�.Y i
N�PSR>LUYQy R I w.P J P"k W PSY�ZW�!#'YQY�PSY o nuRB[�PSR_Plehg�Y�P3Y|a�nuY�N�P3v o nuRBy � R p PSN�P3Y D W�J ^`I YQN�N�P Jjw R_�!�dz V
1 KxK�J Pj N�nsP I&V>t � J_^ PSR_nu�'R_n V T I g�R J ehg�P3nuY�zsnfehg��jPSn ^ y � R9N�nsP J P w � J n ^ nu�'Y"[�PSR_Plehg�Y�P3Y|a W Y�N NQnuP J PT I g�R J ehg�PSnsY�zun�ehg��.P3n ^ P3YhN I Y�Y I.W y JmW v v$nuP3RmPSYB`�,+v N�nuP I&V>t � J_^ PSR_nu�'R_n V T I g�R J ehg�P3nuY�zsnfehg��jPSn ^ PSY
PSnsY�P J D W�J ^`I YQN�P J y � R�P3nuY�P [�P J ^ nsv v ^ P w � J n ^ nu�'Y Z W []P3RmP"ehg�Y�PSYba&[�PSY�# ^ nsw'PSY o nsR�N�PSY���� Mh������L�}� J� 	 �'�QL � } O I �  `@b nsP J P3R>[]P3RmPlehgQY�P ^ y � R p PSN�P w � J n ^ nu�'Y i nsY s W Y�N�y � R p PSNQPSY D WQJ_^`I Y�N z ∈ Z
N�nuP T I g�R J ehg�P3nuY�zsnfehg��jPSn ^ aXv n ^ PSnsY�PSv [�PSzsnuPS[Qnuw'P3Y w y I N N W R�ehg1N I.J[p�t 1 KxK aX[]P3w'nuYQY�PSY�N nuvD W�J_^ I Y�N z abN I.J i W��F% s[i + 1, l] N�PSR i{Plk W PSYQZ$Z W PSR_ZSP W w'PSY[`�bUnuP J P T I g�R J ehg�PSnsY�zun�ehg��.P3n ^
Y�PSYQY�PSY o nuRrN�nsP���� Mh������L�}  J���G�L � G � 	f~ βz,i `

V������ ��!#"2^.Y%$ Q �#"�& � �('*)
+ )-,I]�& ^.&*/C] _1032 K[~ � Y1, . . . , Yj, Yj+1, . . . , Yr 4 r ≥ 1 4 ~ � |B~65M��	 �'~87!��|�94I �   � ��|B~R|;:=<0G!|@|
� ~*> | � ~ L�~R| � � L

Sj+1,r := Yj+1 . . . Yr

� � ` � !
� | � Sr := Y1 . . . Yr (  � ~�O@~ 1.17).

� � ` �'!
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 # � � 2����� � �
+ )=,I](& ^.&*/0] _10�� 5 � Ly~ � |B~�� G�L��*��7'J�� ~R}�}>~ X1, X2, . . .

I � } P�~ LR}>~R| � | Z+ 2~ � |X| �!� ~� |	�'GQO�	 � ~ L 9�	f~ I�~R|@}�~ � ~ L
� ~R}�}>~ � ~%7!�QL�� � I ~ L R}>~R|�� G 	 � ~ L�9 | � J� � R}9G!| � E G!|��'~R|B�QI�J
I�~R| � � L � :�< : O�:	� � L X1, . . . , Xr+1 4 I � } Xi 6= E, i ≤ r, � | � Xr+1 = E 4 � � 	 } |X| = r :
+ )=,I](& ^.&*/0] _10���� V������ ��!#"2^.Y%$ Q �#"�& � �('*) � K[~ � s[1, l] ~ � | E ~h� � G M�O'} � |�� � | Σl � | � z ~ � |
 � R} G!| ��� | Z :�K[~ � j > 0 4 2� � G�  � � 	 } P (Xj = z) > 0 :<0G!|@| � ~*> | � ~ L�~R| � � L �!� ~ x � eh� o } R ^mJ V93 I Rmn I [�zuP3Y

βz,i := P
(

Sj+1,|X| = s[i + 1, l]
∣

∣Xj = z
)

, i = 0, . . . , l − 1,

βz,l := P
(

Sj+1,|X| = ε
∣

∣ Xj = z
)

.
� � ` �o!

< � ~ P�GQO�	 7!��| j � R} � G � ~ � � ~�	 � ~ �l� � 4 � G X1, X2, . . .
~ � |B~ O@�QI����'~R|B~�� G�Lh�*��7'J�� ~R}�}>~��=:

� L � | � |�� � R} :
� )	��� � _10�� K[~ � s[1, l] ~ � |B~ E ~h� � G M�O'} � |�� � | Σl :
<0G!|@| � � 	 }�� � L G 	 	f~ z ∈ Z

βz,l =
∑

z′∈Z

tz,z′ez′,εβz′,l,
� � ` #X!

βz,i =
∑

z′∈Z

tz,z′ez′,s[i+1,i+1+dz′)
βz′,i+dz′

, i = 0, . . . , l − 1.
� � ` �.!

� )	� )-".���M] � _10 Z b I NQnuP J P J g I!t n ^ PSzUY W R	Z W v L W�J [Qzunfeh� I.W yDv #.w'zun�ehg�P$(pR o PSn ^ P3R W Y V
w.PSYcPSnsY�P J >� L � |��'~R| � ~R|"!4L�� > 	 J�# ��� � ~R|�J�� G�L��*��7'J�� � � ~�	 	  [�Z o `|N�P J N I y � R nsv t zuPSv$PSY ^ nuPSR V^ PSY w R_�'w'R I v v J N�nsPSY ^ a J nuY�N I zszuPpnuY"N�nsP J PSv g I!t n ^ PSzj~'PSR o P3Y�N�P ^ PSY .�P3v v Ij^`I ��gQY�P e P o PSn J
w.PSw'P3[]P3Y[`

S $%$8/CY"^ )-"�&3/ "�& $%& �(' "
Y ��' ) &�]�' &3�)'�� ) & ^ ) &�]�)'Y�*�� �M^,+�$ Y
+ )=,I](& ^.&*/0] _10�- K[~ � s[1, l] ~ � |B~ � |.� L G �'~ 2~%/ � ~R|	� :K[~ � � � L ~ � |B~0� G�Lh�*��7'J�� ~R}�}>~1�=: � L � | � |�� X1, X2, . . .

I � } P�~ LR}>~R| � | Z+

dXj
:=

{

1, � G 	 	  Xj = z I � } z ∈ Z\Z ′,
0, � G 	 	  Xj = z I � } z ∈ Z ′ ∪ {B, E},

� � ` �o!

� | � Dj :=

j
∑

i=1

dXi
∀j = 1, . . . , r.

� � ` �.!

9  2~ �
J(i) := arg min

j≥1
{Dj ≥ i}

� � `  !
� ~ L�~ L R}>~2<~ � } � � |���} 4 � � � ~ I � G� i J>}�~2<~ � M�O@~R| � ~ L � |.� L G �'~ 2~%/ � ~R|	� 4 si 4 ~ I � }�} � ~ L�} � � L � :



� ��� ��� � �.  �h��� �.��� ��� � 	 �� �
	 ���f	 ��� �
	 �(�h�  �h	  �
+ )-,I]�& ^.&*/C] _10 _ � S $%$8/CY"^ )-"�&3/ "�& $ & �('�"�Y �)' )�&�]�' &3��' � ) & ^ ) &�]�)'Y�� �MY"^ �@]
	 Y �K[~ � s[1, l] ~ � |B~ � |.� LHG �'~ 2~%/ � ~R|	� :�<0G!|@| � R}

P
(

XJ(i) = z |S|X| = s[1, l]
) � � ` � !

�!� ~ I&V>t � J_^ PSR_nu�'R_n V T I g�R J ehg�P3nuY�zsnfehg��jPSn ^ � ~ 2 � R} G!| � ~  z ∈ Z G!| ! �  � } � ��| i � ~ L � |.� L G �'~ J2~%/ � ~R|	� s :

� )	��� � _10�� K[~ � s[1, l] ~ � |B~ � |.� LHG �'~ 2~%/ � ~R|	� :=5 � L �!� ~2G�Jf�@� R}>~ L � �QL � JQP�GQO L 'M�O@~ � | 	 � M�O*�*~ � }
� ~ 0 � R}9G!| �  z G!|�! �  � } � ��| i � ~ LSK[~%/ � ~R|	� s � � 	 }

P
(

XJ(i) = z |S|X| = s[1, l]
)

=







αz,i · βz,i

α∗,l
, � G 	 	  z ∈ Z\Z ′

0 , � G 	 	  z ∈ Z ′

� � ` �'%'!

K n ^ g�nuz y PrN�PSR 3 �'R o } R ^ J V-W Y�N1N�PSR�x � eh� o } R ^mJ V 3 I Rmn I [�zuP3Y��
#'Y�Y�P3Y o nuR I z J � N�nsP G�Jf�@� R}�~ L � �QJ
L � V T I g�R J ehg�PSnsY�zun�ehg��.P3n ^ P3nuY�P J D WQJ_^`I Y�N�P J z ∈ Z []P3RmP"ehg�Y�PSYB`
b nuPST I g�R J ehg�PSnsY�zun�ehg��.P3n ^ a�v$n ^ N�P3RUP3nuY�[]P J_^ nsv v ^ PSR i W [ ^>s't Sk NQPSRqi{Plk W PSYQZ3y I v$nuzsnuP S =
{S1, . . . , SK} PSnsY�PSR w � J n ^ nu�.Y i N�PSR L YMy R I w'P J P"k W PSY�Z s[1, l] Z W w'R W YQN�PSzsnuPSw ^ a�Y�P3Y�Y�PSY o nuR
N�nuP G�Jf�@� R}>~ L � �QL � JQP�GQO L 'M�O@~ � | 	 � M�O*�*~ � } Ppost,i(Sk)

� ~ )K ��� }����  Sk `
� )	��� � _10� K[~ � Ak

� G��K ��� G 	 � �!|�I�~R|@} � ~  K ��� }��h�  Sk
� I �'~ �'~ � ~R|B~R| I � 	 } � �
	f~R| K[~ J

/ � ~R|	�'G 	 � �!|�I�~R|@} A : K[~ � Zk
� ~ L� � R}9G!| �  L G � I � ~  !4L�� > 	 J�# � �  Pk

� � L � G� K ��� G 	 � J
�!|�I�~R|@} Ak

:1< G!|@|�� � 	 } � � L �!� ~�G�Jf�@� R}�~ L � �QL � JQP�GQO L 'M�O@~ � | 	 � M�O*�*~ � } Ppost,i(Sk)
� ~ /K ��� }���� 

Sk

Ppost,i(Sk) =
∑

z∈Zk

P
(

XJ(i) = z |S|X| = s[1, l]
)

=

∑

z∈Zk
αz,i · βz,i

α∗,l

O � $ '*)	� )']0^ ��^.&*/C]�	 )'Y�V �(�.� ��!�".^2Y%$hS�' � / " & ^ ' � � Y
b PSR<x � eh� o } R ^mJ V L zuw.�'Rmn ^ g�v WQJ-W Y�N N�nuP e PSR_Plehg�Y W Y�w"N�P3R I&V t � J ^ P3Rmnu�.Rmn V T I g�R J ehg�PSnsY�zun�ehg��.P3n V^ P3Y o>W RmN�P3Y nsv�x I g�v$PSYhN�nsP J PSRpL R_[]P3n ^ [�PSR_PSn ^ J nuv t zsPSv$PSY ^ nsPSR ^ `�b nuPBZ W R e P3RmPlehgQY W Y�w N�P3RI&V>t � J ^ PSR_nu�'R_n V T I gQR J ehgQPSnuYQzunfehg��.PSn ^ P3Y [�PSY�# ^ nuw ^ PSY 3 �.R o } R ^mJ V93 I Rmn I [�zuP3Y o>W RmNQPSY tdI R I zuzsPSz{Z W
N�PSY 3 n ^ PSR_[�n V 3 I Rmn I [�zsPSY�[�PSR_Plehg�Y�P ^ a�N[`�g[`�y � R p PSN�P w � J n ^ nu�'Y	N�P3RULUYQy R I w'P J Plk W PSYQZ o>W R_N�PSY
PS[�PSYQy I zuz J Y W RUN�nuP 3 �'R o } R ^ J V 3 I Rmn I [�zsPSY	N�PSR+y � R+N�nuP J P w � J n ^ ns�'Ytnsv 3 n ^ P3Rm[�n V L zsw'�'R_n ^ gQv W�JI � ^ n ~'PSY D W�J_^ } Y�N�P []P3RmP"ehg�Y�P ^ `IbUPSR x � eh� o } R ^mJ V LUzuw'�.Rmn ^ g�v W�Jqo>W R_N�P J �tnsv t zsPSv$PSY ^ nsPSR ^ a
N I.J_J y � R p P3N�P w � J n ^ nu�'Y�NQPSRBLUYQy R I w.P J P"k W PSY�Z"Y W RBNQnuPqx � eh� oB} R ^ J V93 I R_n I [QzuPSY1N�PSR D W�J ^`} Y V
N�P [�PSR_Plehg�YQP ^qo>W R_N�PSY|a]N�nuP y � R NQnuP J P w � J n ^ nu�.Ytnuv 3 �.R o } R ^mJ V LUzuw'�.Rmn ^ g�v W�J+I � ^ ns~ o I RmP3Y[`
b I p P3N���ehg1nuY1NQPSRBe PSRmP"ehg�Y W Y�wFN�P3R,x � eh� oB} R ^ J V93 I R_n I [�zsPSY$y � R P3nuY�P w � J n ^ ns�'Y i W Y�N1PSnuYQPSY



 � � � 2����� � �
D WQJ_^`I Y�N z J_^`I&^m^ N�PSR 3 �'Rmw } Y�w'P3R>~.�'Y z N�nuP �UI ehgQy �'zsw'PSRr~'�.Y z [�P ^ R I ehg ^ P ^jo PSR_N�PSY|a o>W R V
NQPDnsY�P3nuY�nsw'PSY � } zszuP3Y�NQnuP�x � eh� o } R ^ J V 3 I Rmn I [�zsP P3nuY�P J D WQJ_^`I Y�N�P J z [�PSR_Plehg�YQP ^ a]N�PSRz�.P3nuY�PI � ^ ns~.PSY �UI ehgQy �'zsw'PSR g Ij^m^ P!`;b nsP J P Jjw R_�'[�zuP3v zunsP J_JrJ nfehg�~'P3Rmv$PSnuNQPSY|adnsY�N�PSv o nuR>N�nuP J P D WMV
J ^`} YQN�P I YFN�nuP J P3R w � J n ^ ns�'Y I z J Y�n�ehg ^ V I � ^ ns~'P D W�J_^ } Y�N�P>[�Plg I YQN�PSz ^ PSYB`*b I N W R�ehgFPSR_w I [ J n�ehgp P3N��'ehg nsY P3nuY�nsw'PSY �-} zuzsPSYcN I.J w R_�'[�zuP3v�abN I.JmJ N�nsP�i W v$v P I zuzuP3RUy � R"N�nsP J P w � J n ^ ns�'YcN�PSR
LUYQy R I w'P J Plk W PSYQZ$[�PSR_Plehg�YQP ^ P3Y I&V>t � J_^ PSR_nu�'R_n V T I g�R J ehg�P3nuY�zsnfehg��jPSn ^ PSY W Y�w.zuPSn�ehg 1 o I R"` �UW R
y � RqPSnuYQP6E ~HG�I�JQP�~ � }>~ B J P"g�R"Y I g�Ph[�PSn 0 a B ≤ 10−45 a ^ R I&^ N�nuP J P JWw R_�'[�zuP3v YQnfehg ^ I.W y a
N I nsY N�nuP J P3v � I zuz y � R p PSNQP w � J n ^ ns�'Y N�PSRhLUYQy R I w'P J Plk W PSYQZ�Y I g�PSZ W I zszuP D WQJ_^`} Y�N�P�N�P Jp�t 1 KxK�JUI � ^ n ~ o I RmP3Y[`
(pnsY�P T N�PSP\Z W R 3 P3Rmv$PSnsN W Y�w N�nsP J P Jcw R_�'[�zuP3v n J ^ N�nuPcNQnuRmP"� ^ P T Y ^ PSw.R Ij^ nu�'Y N�P J E ~HG�I�J
K[~HG�LNM�O{V LUzuw'�'R_n ^ g�v W�J nuYcN�P3Y x � eh� o } R ^mJ V LUzuw'�.Rmn ^ g�v W�J ` b I.J [�PSN�P WQ^ P ^ a�N IjJmJ nuYcN�P3R"e P V
R_Plehg�Y W YQwhN�PSR x � eh� o } R ^ J V 3 I Rmn I [�zsPSY y � R p P3N�P w � J n ^ nu�.Y$NQPSR LUYQy R I w'P J Plk W PSYQZ�N�nuP I � ^ n ~'P3YD WQJ_^`} Y�N�P W Y I [�g } Y�w'nsw$~.�'YtN�P3Ytnsv 3 �'R o } R ^ J V L zsw'�'Rmn ^ g�v W�J>I � ^ n ~MnsPSR ^ PSY D W�J ^`} Y�NQPSYx[�P VJ ^ nsv v ^mo PSRmNQPSY[`;b nsP J � I YQY I zuzsPSRmNQnuY�w J Z W NQPSv w R_�'[�zsPSv y � g�RmP3Y|aQN I.JmJ y � R PSnuYQP w � J n ^ nu�'Y
NQPSR>L YQy R I w'P J Plk W P3Y�Z nsv 3 �'R oB} R ^ J V W Y�N�x � eh� o } R ^mJ V L zuw.�'Rmn ^ g�v WQJrW Y ^ PSR J ehg�nsPSN�zsnfehg�P D WMV
J ^`} YQN�P"N�P J D W�J_^ I Y�N J R I.W v J Z I � ^ n ~ J nsY�N[`

� 0�� � 83? Ab:�C�4 4 @r5a� ? � �"69;r8S? � SA G9G�8���@B87;,� 5	?�C

(pnsY J�t RmnsY�w'P3Y�N�P J�w Rm�
�dz V 1 KxK � I Y�Y|a o nsP�PSnsY w R_�!�dz V 1 KxK �{N�PSRFN�P3RU* W v t nuY�w V L zsnuw'Y V
v$PSY ^ V L zsw'�'R_n ^ gQv W�J � *.L�. T ! a Z W R�gqz I.JmJ n��dZ3nuPSR W Y�w ~'�'Y w Rm� ^ PSnsY�PSY w'PSY WQ^ Z ^ao PSR_N�PSY[` iMPSn
S = {S1, . . . , SK} P3nuY�Pqw.PSw'P3[]P3Y�P w Rm� ^ PSnuYMy I v nszunsP>~.�'Y K w R_� ^ P3nuY J Plk W P3Y�ZSP3Y|a W Y�N s[1, l]
P3nuY�PqLUYQy R I w'P J Plk W PSYQZ.a�N�PSR_PSY � g�Y�zsnfehg��jPSn ^ Z W R w Rm� ^ PSnuYMy I v nszunsP+[�P J ^ nsv v ^�o P3RmN�P3Y J �'zszJ`
b I Y�Y PSY ^>o nfeh�jPSzsY o nsR y � R�NQnuP iMP"k W PSY�Z7y I v$nuzunsPtP3nuY p�t 1 KxK arnsY�N�PSv o nuR$y � R p P3N�P�iMP V
k W P3Y�Z Si ∈ S PSnsY w Rm�
�dz V 1 KxK Pi PSY ^>o n�eh�.PSzsY|a W YQN�N�nuP J P w R_�!�dz V 1 KxK�J Pi a o nsPtnuYLU[ J ehgQY�n ^_^�# ` � [�P J ehgQRmnuP3[]P3Y|arN W R�ehg , []P3Rmw } YQw'Pcv n ^ P3nuY I YQN�PSR1~.PSR_[�nuY�NQPSY[`ziM� PSR�g I z ^ PSYo nsRSa o nuP�nuY *.L). T a N�nuP K #'w.zunfehg��.PSn ^ a p P3N�P w � J n ^ nu�.Y�N�P3R1LUYQy R I w.P J P"k W PSY�Z s Z W p P o P3nuz J
P3nuY�P3R x>P3y PSR_PSY�Z J P"k W PSY�ZDN�P J+K i{L Z W�I zsnuw'Y�nsPSR_PSY|a o �'[]P3n|N�nsPqx+P7y PSR_PSY�Z J Plk W P3Y�Z.a I.W y w'R W YQN
NQPSRkZ o n J ehgQPSY N�PSY ~.PSR J ehg�nsPSN�P3Y�PSY w R_�!�dz V 1 KtK�J PSR_z I.W [ ^ P3Y , [�PSR_w } Y�w'Pja-nsY�Y�PSR�g I zs[)N�P J
LUzunsw'Y�v$PSY ^ J o Plehg J PSzuY � I YQY[`'T nuR9Y�PSYQY�PSYhN�nsP J P w Rm�
�dz V 1 KxK�J g�nsPSR <~ � 	f~R|�J�!2L�� > 	 J�# � �  `
(pY ^>o nfeh�jPSzsY o nuRqZ W�J }&^ ZSzsnfehg\Z W N�P3Y w Rm�
�dz V 1 KxK�J N�P3R"PSnuYQZSPSzsY�PSY iMP"k W PSY�Z3PSY NQPSR � I v n V
zsnuP�P3nuY w Rm�!��z V 1 KxK y � R>N I.J w'P J I v ^ P K iMLDadN I.J>J �'w�` K���G 	 }�~R|�J�!4L�� > 	 J�# � � a W Y�N�z I.J_J P3Y
P3[]P3YQy I zsz J i t R � YQw'PhZ o n J ehg�P3Y N�nsP J PSv W Y�N\N�PSY D PSnszuP3Y V�w Rm�
�dz V 1 KxK�J Z W abN I Y�Y\PSR�g I z ^ PSYo nsR�Z WQJ }j^ ZSzun�ehg N�nuP K #'w'zsnfehg��jPSn ^ a p P3N�P w � J n ^ nu�'Y NQPSR�LUYQy R I w.P J P"k W PSY�Z Z W P3nuY�P3Ryi tdI z ^ P
NQP J$K iML Z W I zunsw'Y�nuP3RmP3Y[`Ib W R�ehg N�nsP�PSR_z I.W [ ^ PSY i t R � Y�w.P�Z o n J ehg�PSY N�P3v i tdI z ^ P3Y V"W YQN
NQPSY D P3nuzuP3Y V�w R_�!�dz V 1 KxK�J n J_^ N�nsP K #.w'zun�ehg��.P3n ^ w'PSw.PS[�PSY|a J � o ��g�z�N�nuPUgU�'Y J PSR ~{nuPSR ^ g�P3n ^ N�PSR
i tdI z ^ PSY I z JUI.W ehg K�WQJ_^ P3R�nuY�N�PSYtPSnuYQZSPSzsY�PSYniMPlk W P3Y�ZSP3Y NQP J"K i{LO[�PSnHN�PSR w R_� ^ P3nuY��Xz I.J VJ n��dZ3nuP3R W Y�w Z W []P3R � eh� J nfehg ^ nsw'PSY[`�b I N W R�ehg o PSR_N�PSY�NQnuP p P o PSnszunuw.PSY 3 �'R ^ PSnuzsP � LU[ J ehg�YQn ^m^� ` �'! NQPSR nuY$g I!t ` ��W YQN�g I!t ` � ~.�'Rmw'P J_^ PSzuz ^ P3Y K P ^ g��{N�P3Y Z W R w R_� ^ P3nuY��Xz I.JmJ n��dZ3nuPSR W Y�w�a.PSnuYw R_�!�dz V 1 KxK W YQN�N�P3R * W v t nuY�w V L zsnuw'Y�v$PSY ^ V L zsw'�'R_n ^ gQv W�J aonuY	PSnsY�PSv p�t 1 KxK ~'P3RmPSnsY ^ `
(pnsY�P o P3n ^ P3RmP K #'w'zsnfehg��jPSn ^ []P J_^ P"g ^ N I RmnuYba N�nuP nsY NQPSR w Rm� ^ PSnuYMy I v nszunsP P3Y ^ g I z ^ PSYQPSY i{Plk W PSY V



� ��� ����	0� � !)#$# �&� ����� �  �h��	 � � �
����� � ����� � 	��  �

ZSP3Y Z W ,UY ^ P3R_y I v$nuzsnuPSY\Z W�J I v$v$PSY�Z W y I.JmJ PSY|a W Y�Nba J ^`Ij^_^ y � R p P3N�PUiMP"k W PSY�Z1N�PSR w Rm� ^ PSnuY V
y I v$nuzunsP.aoy � R p PSNQPDN�nsP J PSR�,UY ^ P3R_y I v$nuzsnuP3Y�PSnsY w Rm�
�dz V 1 KxK Pi Z W PSY ^>o nfeh�jPSzsY[`BbUnuP J v I ehg ^
iMnuYQY|a�y I zuz J PSnsY�nuw'PqNQPSR+nuY�N�PSR w Rm� ^ PSnuYMy I v nszunsPUP3Y ^ g I z ^ PSYQPSYni{Plk W PSYQZSPSY J Plg�R } g�Y�zsnfehg J nsY�N
�MNQPSRBN�nsP J PSzu[�PSY K�WQJ_^ P3RrPSY ^ g I z ^ PSY[`@b I N W R�ehg�n J_^ P J v #'w.zunfehgba'�j�'Y J PSR_~{nsPSR ^ P e PSR_PSnfehgQP.adN�nsP
Y W R>nuY	PSnsY�nuw'P3YPiMPlk W P3Y�ZSP3YcN�PSR � I v$nuzsnuP+PSY ^ g I z ^ PSY J nuYQN|a J_^ } R��jPSR+Z W []P3R � eh� J nfehg ^ nsw'PSY[`





� � ����� � � ��� �O��� � � �

T YhN�nuP J P3R L R_[]P3n ^Io>W RmN�PBP3nuYkYQP W P J K �MNQPSzuz a PSnuY J �'w�` >� L � |��'~R| � ~ �!4L�� > 	 J�# ��� � ~R|�J�� G�L��*��7'J
� � � ~�	 	 ��� �(# � � ! a Z W v 3 PSR_w'zuP3nfehgq~'�'Ydb � L V [�Z o ` w Rm� ^ PSnsY J P"k W PSY�Z3PSYkv$n ^ P3nuY�P3R�w'PSw'P3[]P V
Y�PSY iMP"k W PSY�Z7y I v nszunsP PSY ^>o n�eh�.PSz ^ `Mb I [�PSnpYQPlg�v$PSY o nuR I Y|a|N I.J_J"J nfehg\N�nsP�iMPlk W P3Y�Z3y I v nszunuP
nuY ~'PSR J ehg�nsPSN�P3Y�P�i W [ ^>s�t PSYba p P o PSnsz J []P J_^ P"g�PSYQN IjW�J P3nuY�P3R �{N�PSR v P"g�RmP3RmP3Y iMPlk W P3Y�ZSP3Y|a
PSnsY ^ PSnszuPSY	z }.JmJ ^ `�(pnuY p�t 1 KtK n J ^>J�t PSZSnsPSzszuP J 1+nuN�N�P3Y V K�I R��j� ~ V K �MNQPSzuz adN I.J N�nuP T N�P3PDP3nuY�P J
* W v t nuY�w>LUzunuw.Y�v P3Y ^ J v$n ^ N�P3R P3nuY�P JMw R_�!�dz V 1UnsN�N�P3Y V KtI R��.� ~ V K �MN�P3zuz J9I.W y{y �'zuw'P3Y�N�P<T PSn J P
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N I Y�Y y P J_^mJ_^ PSzuzsPSY|a o P3zfehg�P�e PSR_PSnfehgQP�N�PSR iMPlk W P3Y�Z o P3zfehg�P3Y�i W [ ^>s't PSY�N�P3R iMPlk W P3Y�Z3y I v nszunuPI v } gQY�zun�ehg J_^ PSY J nsY�N|a W Y�N o � N�nsP�i t R W Y�w J ^ PSzszuP3Y|a�N�nsP J �'w�` e R W ehg J ^ P3zuzuP3Y|a J nsY�N[`
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i W [ ^>s't PSY ~.�'RmzsnuPSw.PSY[` T v � I zuz ~'�'Y Y W R J P"g�R o PSYQnuw'P3Y x+P7y PSR_PSY�Z J Plk W P3Y�ZSP3Y�nsv K iML n J ^
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K n ^ g�nuz y P"N�P J"� PSPSNQzuPSv I Y V T W Y J ehg V L zsw'�'Rmn ^ g�v W�Jzo nsRmNxN I.J � tM^ nuv I zsP � 	f� � G 	f~ L zsnuw'YQv P3Y ^
Z o PSnsPSR iMPlk W P3Y�ZSP3Yxw'P3[�nuzsN�P ^ `
iMPSnsPSY Z o PSn�iMPlk W P3Y�ZSP3Y x = x1 . . . xm
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F (i, j) = max







F (i − 1, j − 1) + s(xi, yi),
F (i − 1, j) − ��GR��Mh� R} ,
F (i, j − 1) − ��GR��Mh� R} .
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